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Abstract

The objective of this thesis is to develop improved population variance estimators in the
presence of two auxiliary variables under stratified random sampling. New estimators of
population variance of the study variable were suggested using prior information on two
auxiliary variables. The mean square errors of the proposed estimators have been
obtained using first order approximation of Taylor series method. Efficiency comparisons
of proposed estimators have been discussed and achieved improvement under certain
conditions. Results are also supported by numerical analysis. Based on result obtained,
the proposed ratio- type variance estimators may be preferred over traditional ratio- type

2

s?, and sample estimator of population variance s?

sty for the use in practical

applications.



CHAPTER ONE
INTRODUCTION

1.1.Back ground of the study
In sample surveys, to estimate unknown population parameter(s) more accurately, it is

common to utilize information on auxiliary variable(s) such as, population mean,
population standard deviation, and population coefficient of variation and population
kurtosis in many situations at the estimation stage to increase precision of estimators. The
other methods in sample survey which helps researchers to obtain efficient estimate of
unknown population parameter(s) is sampling design. Since estimation depends on
sampling design, it is important to choose an appropriate sampling design. Stratified
Random Sampling is a method of sampling that involves the division of a population into
smaller groups known as strata. In Stratified Random Sampling, the aim is to represent
the population by a sample in the most accurate way. In this method the population data
are grouped in strata and then the data in each stratum are randomly selected. Therefore,
the determination of the number of strata and sample sizes in each stratum is very
important to obtain accurate estimates. For the determination of the number of strata,
Cingi (1994) states that the optimal number of strata for a large population size can be
approximately 10 if there is no prior information about the scheme for the stratification.
For the optimal sample sizes of the strata, there are some popular methods, such as the
Neyman Allocation and the Best Allocation methods (Cingi and Kadilar 2009). The
detailed information about these methods can be found in Cochran,(1977) and in Singh

(2003b). While stratifying the data, each of the population data should be located in only



one of the strata and the strata consist of all data in the population. In addition, this
stratification is done so that the variance in the stratum should be minimum and the
variances among the strata should be maximum (Cingi and Kadilar 2009).The aim of
stratification in general is to select representative sample and increase precision of
estimates. In this thesis, improved population variance estimators were presented under
stratified random sampling design.

1.2. Notations

Consider a finite population P ={P;, P,, P, ..., Py} of N units. Let the study and two
auxiliary variables be denoted by Y, X and Z associated with each B (j=1, 2..., N) of the
population respectively. Let the population be stratified into K strata with ht" stratum
containing Njunits, where h=1, 2, 3,..., K such that ¥¥_, N,=N and from the h'"
stratum, a sample n,, is drawn by simple random sampling without replacement such that
Yk _ ny=n. Let (Yn;, Xni, 2n;) denote the observed values of Y, X, and Z on the i** unit
of the A" stratum where i=1, 2, ..., N,. The population variance of the study variable (y)

and the auxiliary variables are defined as follows.
(N = 1)S%y = Thoy Dity Oni = )2 = Bhoy T [0mi = T) + (B = DI

Where Y, is the population mean of the variate of interest in stratum h, and yy;is the
value of the i*" observation of variate of interest in stratum h. For large sample size,
assuming that N=N-1 and N, = N, — 1, then

stt,y = Zl}izl whszyh'l'zz:l Wp (Yh - 7 )2



_ 1
Yn=— YK L yni - sample mean of ht" stratum.
h

V=K _1 wp ¥y, - is the estimator of population mean of the study variable.

Yh:NihZ}’YQlyh,- -population mean of A" stratum.

Sth:ﬁZ?:hl(yhi — Y,)? - population variance of ht" stratum.
=

2 1

S yn=- 12?;’1(3/;”- — y,)%- estimator of population variance in the ht" stratum. Similar
=

expression are defined for the auxiliary variables x and z.



1.3 . Statement of the problem

Kadilar and Cingi (2006) suggested a modified population variance estimator under
simple random sampling by adapting estimators of Shapir and Yaab (2003) where
coefficients of variation of the auxiliary variable X and it’s mean X and variance sz
were used. The proposed estimator in their case was found to be more efficient in
estimating variance of the study variable. Kadilar and Cingi (2009), proposed ratio-cum-
product type estimators using the population variance, coefficient of variation and
kurtosis of a single auxiliary variable which have been found more efficient than the
traditional sample estimator of population variance in simple random sampling and
stratified sampling under realistic condition. Other many scholars mentioned in literature
also proposed different estimators utilizing prior information of single auxiliary variable
and multi-auxiliary variables to estimate population variance of the study variable in
simple random sampling and two-phase sampling design. However, under stratified
random sampling design not much has been done to developed estimators of population
variance using information of multi-auxiliary variables like under simple and two-phase
sampling. In sample survey theory, if information is available on auxiliary variables,
information on these are incorporated in estimation of some population characteristics to
increases precision of the estimate. Considering the importance of population variance for
construction of confidence interval and prior information of auxiliary variables to

increase precision of estimate population variance, this thesis sought to estimate



population variance of the study variable utilizing prior information on two auxiliary

variables in stratified random sampling design.

1.4. Objectives

1.4.1. General Objective of the study
» To develop improved variance estimators in the presence of auxiliary

variables.

1.4.2. Specific Objectives
1. To develop an improved variance estimator when two sets of auxiliary

information are available with the study variable.
2. To study the consistency properties of the proposed estimators
3. To compare the efficiency of the proposed estimators relative to the classical

sample and adapted estimators of population variance.

1.5.0rganization of the Thesis

The rest of the thesis is organized as follows. Chapter two present literature reviews
which discusses previous works done by other researchers on population variance
estimation of a study variable under different sampling designs utilizing available
information on auxiliary variable(s). In Chapter Three, some adapted estimators and new
proposed estimators of unknown population variance of variable of interest are presented.
Derivation of mean square error of proposed estimators and efficiency comparisons of

suggested estimators with existing estimators were considered in this study using



numerical data. Chapter Four gives results and discussion of the study. Chapter Five of

these thesis present the general conclusion of the study and recommendations.






CHAPTER TWO
LITERATURE REVIEW

2.1. Introduction
In this chapter, literature review on population variance estimation is presented from

previous studies related to this study. This enabled us to identify shortcoming of previous

studies to avoid repetition of work done by others.

2.2. Variance estimation using auxiliary information
In sample surveys, to improve the sampling design and to obtain more efficient

estimators of population parameters under study, different type of techniques/ methods
for utilizing auxiliary information obtained from previous census or database
administration was described. The role of auxiliary information is to increase precision of
estimators of unknown population characteristics of interest. Ratio —type estimators
improve the precision of estimate of the population variance of a study variable by using
prior information on auxiliary variable (s) which is correlated with the study variable Y.
For ratio estimators in sampling theory, population information available on the auxiliary
variable (s), such as population kurtosis and population coefficient of variation, is
commonly used to increase efficiency of population variance estimators. Liu (1974) gave
a general class of quadratic estimators for variance and obtained a class of unbiased
estimators under certain conditions. Das and Tripathi (1978) defined six estimators of
population variances using known information on parameters of auxiliary variable. Using
prior information on parameters of auxiliary variable/variables, Srivastava and

Jhajj(1980, 1995), Isaki (1983), Singh and Kataria (1990), Prasad and Singh (1990,1992),



Ahmed et al.(2000) have defined estimators or classes of estimators of Szy. Singh and
Singh (2001) defined ratio-type estimator for population variance using multi-auxiliary
information and showed that the suggested estimator was more efficient than the usual
unbiased estimator and the Isaki (1983) estimator. AlJararha and Ahmed (2002) defined
two classes of estimators of Szy by using prior information on parameter of one of the
two auxiliary variables under double sampling scheme. Ahmed et al.(2003) gave some
chain ratio-type as well as chain product-type estimators of Szy under two-phase
sampling scheme. Singh and Singh (2003) proposed a regression-type estimator in two-
phase sampling for population variance when information on second variable was known
and variance of main auxiliary variable was not known. The suggested estimator was
more efficient than Chand (1975), Kiregyera (1980, 1984) and usual ratio and regression
estimators. Kadilar and Cingi (2005) suggested ratio-type estimators for population
variance of variable of interest using population kurtosis and coefficient of variation of
auxiliary variable in simple and stratified random sampling. The proposed estimators in
their case were more efficient than other estimators considered in their study. Kadilar
and Cingi (2006) also proposed a new ratio and regression estimator for the population
variance using auxiliary variable in simple random sampling. They obtained the mean
square error of the suggested estimator and shows that the proposed estimator of
population variance is more efficient than the traditional ratio and regression estimators,
suggested by Isaki (2000), under certain conditions. Many other contributions on
variance estimation are present in sampling literature. To measure the variations within

the values of variable of interest, survey sampling researchers and statistician give



attention to estimation of population variance. From the above literature, few previous
studies were done in stratified random sampling to estimate population variance of a
study variable. This study mainly focuses on population variance estimators using prior

knowledge of two auxiliary variables in stratified sampling design.

10



3.1.

3.2.

CHAPTER THREE

METHODOLOGY

Introduction

In this chapter, new estimators of unknown population variance of study variable using
information on two auxiliary variables were proposed and their asymptotic expressions of
the mean squared errors and their minimum values are derived up to first degree of
approximation and conditions are derived under which the proposed estimators are more

efficient than other estimators considered in this study.

Adapted estimators

Koyuncu and Kadilar (2009), defined the classical ratio estimator to estimate the
population mean of the study variable Y in the stratified random sampling when there are

two auxiliary variables as follows:

f’st :J_’st (sz) (—z) """ T T e (31)

Where X and Z are the population mean of the two auxiliary variables and x,,,Z,, and
Vg are sample estimates of the population mean in stratified random sampling scheme.

The regression estimator of the population mean Y also defined as:

N

11



S S -
Where B, = ﬁ and B, = % . Here s?, and s?, are the sample variances of x and z

respectively, sy, and s, are the sample covariance’s between y and x and between y and

z respectively. Adapting the estimator given in (3.1) and (3.2) to estimate the population
mean of the study variable and assuming the population variance of the two auxiliary
variables are known, we develop the following ratio-product type and regression

estimators for the variance.

2 2
2 -2 S 5%
St =S%ty | 5| (5= —===m=mmmmmmm e - (3.3
t sty (stt,x) (stt,z) (3.3)

Szreg: stt,y+ Bl(szx'szst,x)+Bz (Szz 'stt,z) """"""""""""""""" (34)

Where 25 =Y _1 0p 5% tXh=1 On (Rn — Xse )%, $%50y= Dot OnSiyn+tXh—1 on (Fn —
Vs )2, and s2g =YK _; 052, + 25— on (Zn — Zg )%, are the sample estimators of the
population variance of each variable in stratified sampling scheme when neglecting
population correction factor of each stratum. The mean square error of the variance

estimator, given in (3.3) and (3.4), is obtained as follows:

L e S —— (35)
MSE(Szreg) = [ H1+ H 3]"" """ TS mmmm s smmmmm e (3.6)

[see Appendix (A.4) and (B. 1)],

Where 1/, =Xk _; 0, S? 4+ 25— wp (V) — V)2,

12



Vv, = Sk 0y S? h+2;’§=1 wy, (X, —X)* and
1 = X

V,= Yhoq 0p Stk wp (2, —Z)?
3.3 The Proposed Estimators

In this section, some variance estimators are proposed using the variance of two auxiliary
variables, population kurtosis and coefficient of variation and their combination. Using
the ratio-product type estimator given in equation (3.3) instead of estimator given

in equation (3.4) the following estimator is suggested.

52y 52,
Szprl = stt,y ( ) ( )+ Bl(szx 'stt,x)"'ﬁz (Szz 'stt,z) """""""""""" (3-7)

2 2
S%st,x S%st,z

The MSE of the estimator, given in (3.7), up to first order approximation is found as

follows:

1

MSE (Szprl) = v21v2, [k2 H1+ H4] ------------------------------------------------ (3.8)

Where k= §%,5%,. The optimal values of B, and B, in (3.8) which minimize

MSE (Szprl) are given by

* kvovy
B __{ 202 +
1 AU ]

kV1V2[(4C13 +2C14+2C15 +C18)(C6—2C8—2C10—4C11)—( 4C1y —4-C16+C17)(C1+4C3+2C4+2C9) ]}
[(4C12—4C16+C17)(4C2+C5—4C7)—(C6—2Cg—2C19—4C11)?]

13



and

kv1v2(Cq+4C3+2C4+2C9)—(B; "v21v25(4C2+C5—4C7))
2 v21v2,(C—2Cg—2C10—4C11)

*

[kV0V1(C6—2C8—2C10 —4C11)—kvovy(4C12—4C16+C17)

]. The minimum mean square error of
v21v25(Ce—2Cg—2C10—4C11)

szprl, to the first order approximation was obtained by substituting the expressions for

the optimal values of 3,and B, in (8) and given by

MSE (Szprl) = [k2 H.-H 5] """""""""""""""""""""""""" (3.9)

min

Motivated by Cingi and Kadilar (2005a, 2006b) and Koyuncu and Kadilar (2009), the

following population variance estimators are proposed in the stratified random sampling:

(82, +C)(5%,+C;)

2 [y A GO Sl VA A
§ pr2 =S sty (szst,x+cx)(52st,z+cz) (310)
. (2t @)(%4p2@) L (3.11)
Sy =5 sty (52500 +6200 ) (52t 2 +62(2)) '
S22 CxtB2(x) )(S%2C.+B2(2)
S2pr = S%sty ( £ BoO) (3.12)
Y (52t Ca 8200 ) (525, C2+B2(2) )
2 2
SZ _SZ (S xﬂz(x)+cx)(5 Z.BZ(Z)‘l'Cz) ________________________________ (313)

SEY (5240 2 B2(0)+Cx ) (525t 2B2(2)4C,)

The MSE of the estimators, given in (3.10), (3.11), (3.12) and (3.13) is found using the

first degree approximation of Taylor series method as follows:

2
(52,+C)(52,+C,))

MSE (s z(
(S pra ) ((vi+CHva+C, ))2

(T R — (3.14)

14



(52420 (5% 482))
((v1+B2) w2 462(2) )

MSE(s?,,, ) =

T TR = T B (3.15)

((SzxCx+ﬁ2(x))(szzcz+ﬁ2(z)))2
2

MSE (s* = T g USUUTR—— 3.16
() ((1Ce+B2() 2C,+B2(2) ) (Hot H.) (3.16)
~ ((5 x.BZ(x)"'Cx)(SZzﬂZ(Z)"‘C ))
MSE(s*pr ) = (W12 ()+C) Va2 (2)+C, ) {H +H 9} """"""" - (317)

(See Appendix D and E) where C,, and C, - are population coefficient of variation of the

auxiliary variables (X) and (Z) respectively and given by

e =2k _ 1 wpCepyand C, =YK_  w,C,n. Bo(x) and B, (2) are the population kurtosis

of the auxiliary variables (X) and (Z) respectively and defined by

B2 (x)22§=1 wpfr(xn), B2 (Z):Zﬁﬂ wpP2(zh).

1 N _ _ _ 1 N
Hrsth = N—hzhil(ym — V) Xni — X)) (Zp — 2 Ay = —, wp=—2

np N
Con = S5k g population coefficient of variation of the auxiliary variable (X) in stratum h.
Xn
C,n = Sah js population coefficient of variation of the auxiliary variable (Z) in stratum h.
Zp

B (yh):% - is the population kurtosis of the variate of interest in stratum h.

B> (xh)::z"ﬂ -is the population kurtosis of the first auxiliary variable (X) in stratum h.
020h

15



B (zh)::z"ﬂ - is the population kurtosis of the second auxiliary variable (Z) in stratum
002h

h. The detailed derivations of all the mean square errors of the estimators considered in

this study were presented in Appendix at the end of the thesis.

3.4 Efficiency comparison of the estimators

In this section, comparison of the proposed estimators with other estimators
considered in this study and some efficiency comparison condition is carried out under
which the proposed estimators are more efficient than the usual sample estimator of
population variance and the adapted variance estimators considered in this thesis. These

conditions are given as follows:

H,S*, 8%,

MSE(s?,)- MSE(s%,) <0if Hy < T SISt Ty, T (3.18)
MSE (52,05 )- MSE(5%5,,) <O Hz < 0 =rmmmmmemmm oo (3.19)
MSE (5%, )- MSE(s%,,)<0 if H;< —ﬁ ---------------------------------- (3.20)
MSE (s2,, 1)min - MSE (5%, )<0 if H, < —m ------------------------------ (3.21)
MSE (szpr 2)- MSE (52, )<0

i H < (D G 322

((Szx +Cx)(szz+cz))2_((vl +Cx)(V2 +C, ))2

16



MSE (52, )- MSE(s%5,,)<0

H7((52x+ﬂz(X))(Szz‘i'ﬁz(z)))z
(5282 ) (52,482 ()) ~((v1+82 )2 +82) D)

if Hy< —

MSE (s, ) — MSE(s%,) <0

— Hg((szxcxwz(x))(szzczﬂ?z(z)))z (3.24)
(52t (52,6, +52@))) (V1o +B2 () 22 ) '

MSE (52, )- MSE(s%,,)<0

2
o Ho((S%:B2I+C)(S%upa()HC,)) (3.25)
D (522 +C)(52,2(2)+C)) —((v1 82 () +C) (W2 B2 (2)+C; )’ '

Where H; for i=2,3,...,9 is the term of each mean square error with out the common
multiplier of all terms and H;. The other method, which is used to compare the
performance of the proposed estimators over, s?, is Percent Relative Efficient (PRE).
The Percent Relative Efficiencies (PREs) of the different estimators are computed

with respect to s?, using the formula:

2
PRE(SZt, Szpr )—mE—(St)

T 100 fori=l, 2,3, 4, 5 --w--memmemmemmemeemeemeecee (3.26)

An estimator which has smaller mean square error has higher PRE and hence more

efficient than other estimators of population variance.

17



3.5 Empirical study

In this section, the performance of the suggested estimators have been analyzed
with respect to the estimators considered in this thesis. To achieve this, the data set of
state wise area, production and productivity of major spices in India was used. In this
data set, the study variable () is productivity in metric tons , the first auxiliary variable
(X) is area in thousand hectares , and the second auxiliary variable (Z) is production
in thousand tons. The data are stratified by year and from each stratum, states are selected

randomly using the Neyman allocation as

_nN,S,

- S — (3.27)
3N.S,

n

The standard deviation and size of each stratum is given as follow which is used to

compute the sample selected from each stratum.

Table 3. 1. Sdev. and Size of each stratum

Strata Stratum | | Stratum I Stratum 111
Size 29 29 29
Standard deviation | 1.75756 | 1.7342 1.79672

Thus, the sample size is calculated using the values given in table3.1 and inserting into

equation (3.27) as follows.

18



n =

36 x29x1.7342

36x29x1.75756
153.36505

n, =

36 x29x1.79672

n3 =

153.36505

=11.964 =~ 12

= 11.8052 = 12

153.36505

=12.23 =12

Therefore, from each stratum 12 states are selected. The summary of the data is given in

the following tables.

Table 3.2. Data Statistics

N.in| X, |Y, |Z |Cu |Cu [Cu |Bx Bly)| Az
29 12 190.2534 | 2.2252 | 150.23 | 1.524 | 0.745 | 1.502 | 6.72 2.411 12.383
29 12 190.6693 | 2.3486 | 142.95 | 1.515 | 0.781 | 1.722 | 6.23 2.476 13.564
29 12 | 84.9562 | 2.3434 | 138.48 | 1.443 | 0.766 | 1.669 | 5.361 | 2.584 14.257

19




Table3. 3. Data statistics of parameters

Parameters Stratum | Stratum 11 Stratum 1

9, (yx) 1643x107° | 142x107° | 1.819x10°°
0,(y2) 5.6047 x 105 | 3.9563 x 105 | 4.2985 x 10~
6.0e) 2774x 107 | 2.782x107° | 44645 x 10~°
S, 50.5266 72.5386 60.66

S, 24 2.532 0.927

S. 25758.621 23551.724 20482.7586

20




Table 3. 4. Values of parameters

Parameters | Values
Vo 3.378592
v 18960.84
v, 64358.93
2 4400
S*,
2 14945.833
S*,
C 1.5
C 1.631
IB (x) 6.5522
2
IB (Z) 14.4724
2
B, 3.11x10°
b, 524x10°
,3* 9.61x10°
1
,3* 412x10"
2

21



Table 3. 5. Summary of y75n
IS

Stratum | Stratum 11 Stratum Il
Il’lrsth

2.890 4,771 4,506
ILI3OOh

-103.789 -127.5024 -121.621
ILlZ:LOh

-135.134 -197.1155 -194.107
ILIZO]h

-10344.828 -12896.552 -8379.31
ILl120h

55517.241 52034.483 41034.483
ILl102h

4827586.207 4620689.655 2965517.24
ILIO3Oh

5413793.103 4620689.655 3551724.138
Hoys,

12206896.552 11068965.517 9413793.103
/’1012h

46551724.138 44827586.207 37586206.897
/LIOOSh
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4.1.

Introduction

In this section, the computed value of the mean square error of each estimator considered

in this study is presented. A comparison among the different estimators of 82 with
y

respect to their mean squared error is also made empirically and shows that the proposed

estimators are more efficient than the usual sample estimator of population variances of

the study variable.

4.2.

Discussion
This section discusses about the results obtained using SPSS and Microsoft excel to

CHAPTER FOUR

RESULTS AND DISCUSSION

analysis the data stated in section3.5. The results are present in the following tables.

Table 4.1. Estimators with their MSE values

Estimator 2 2 2 2 2 2 2 2 2

S sty S ! S res S pr, S pr(l)min S pr, S pr, S pr, S pr
S
MSE 0.42035 | 0.019 | 0.43 | 0.03228 | 0.03222 | 0.0187 | 0.0177 | 0.0167 | 0.0152
values 3 72 4 2 2 3 6
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Table 4.1 shows that the proposed estimators of 32 are more efficient than the
y

traditional estimator of population variance of interest variable in stratified random
sampling according to the data set of a population considered in this study.
Theoretically, it has been established that, in general, the regression type estimator is

more efficient than the ratio-type estimators.

However, in this thesis the regression estimator of S 2 js not efficient than the sample
y

estimator and the proposed ratio-type estimators of population variance of interest

variable.

Table4. 2. PRE of the different estimators with respect to S 2t

Estimator | _2 2 2 2 2 2 2 2 2
S sty S ! S res S pr, S pr(l)min S pr, S pr, S pr, S pr,
S
PRE 4.52 100 4.34 |58.8532 | 58.9694 | 101.49 | 107.16 | 113.56 | 124.50
58 S7 3 84 85

Table 4.2 reveals that the suggested estimators 52 or for i= 2, 3, 4, 5 have the higher

PRE among other estimators considered in this study. So that the suggested estimators in

stratified random sampling provide improvement in variance estimation compared to the

52t . It is also observed from Table 4.2 that the first proposed estimator, sample and

24




regression estimators are less efficient than 32t . From the above results and discussion, it

is observed that incorporating prior information obtained from the two auxiliary variables

improves the estimate of population variance in stratified random sampling.
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CHAPTER FIVE

CONCLUSION AND RECOMMENDATION

5.1. Conclusion
In this thesis, new ratio- type variance estimators using known values of Coefficient

variation and kurtosis of the auxiliary variables are presented. The mean squared error of
the proposed estimators were obtained up to first order approximation and compared with
sample estimator and the traditional ratio-type estimator of population variance in the
presence of two auxiliary variables. Further, the conditions for which the proposed
estimators are more efficient than the traditional estimator were derived. The
performance of the proposed estimators was assessed using population data set. Results
show that the mean squared error of the proposed estimators, except the first proposed
estimator, are less than the mean squared error of the sample estimator and the traditional
ratio-type estimator of the population variance. Therefore, the second, third, fourth and
fifth proposed estimators are more efficient than the sample and the traditional ratio-type

estimator of the population variance.
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5.2. Recommendations
Based on results obtained, the proposed ratio-type variance estimators may be preferred

over traditional ratio- type and sample estimator of population variance for the use in

practical applications.

In forthcoming studies, we recommended to develop improved variance estimators by

adapting the estimators of Rajesh Singh and Mukesh Kumar (2012).
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Appendixes
Appendix A: MSE derivation of ratio- type estimator of variance
The MSE of the ratio type variance estimator in the stratified random sampling in the
presence of two auxiliary variables can be obtained using the first degree approximation

in the Taylor series method defined by

MSE(SZt) EZ%:l th'hd'h """"""""""""""""""" - ‘(Al)
MSE(s?,) =
( )
ld. d. d: d. ds di d; d. di]
021 O, Oz O Ois O O O O _dl_
O 0'22 O»s Ou O Ox Oxn Oz Oxl||d,
Os Oan ()'23 O3 Oss O3 O3r O3 O d3
Sk_ Oun Oxn O 624 0-25 Ow Os1 O Ou g“ S (A.2)
Os1 Os2 Oss Ose 0 5 Ose Os7 Oss Os d5
Oes1 Os2 Oes Ooer Oes (726 O¢1 Oe Opo d6
7
On Onn O Owun O O 027 O O d8
Os1 Os2 Oss Oss Oss Os Osr 0'28 Os _dg_
O O Oows Owu O¢s O Oy Oos 0'29_ )

Where d,=|d, d, d, d. d. d. d, d. d,] suchthat
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d .
dl_ a_a h(a; b; C) d; e) f! g; h) l) |Szyh17h:7 lsth!Xth !Szzh_,Z_h_IZ_

0 .

d2_£ h(a; b; (o d; e, f; g; h; l«)lszyh’_yh’y 'Sth')?h')? 'Szzh,Z_hlZ_ )
d= L h(a,b,c,d h,i

37 ac (Cl, , G, ;erf:g; ;l)lSzyh,Y'h,Y ,Sth,)?h,)?,szzh’z_h,z_
dy= Zh(ab,cdef.ghdls 775 5 252 77
4= oo b, 6a6 1,9, M)\ sz, 7,7 52 X0 X S? 0 ZnZ
ds= Zh(abcdef g hdlsz 772 5 552 7 7
5~ 5 b6 a6 1,9, Is2 7,7 5% X0 X S, Zn 2
de= Zh(ab,cd h,i

6~ ﬁ (a; ) C; ) e; f; g) ) l)lSth’_Yh’Y 'Sth')?h')? 'Szzh’Z_hrZ_’
d,= 2 h(ab,c,d h,i

7= ghabcdef g hils, v, sz, 885,27
dg= ~h(a,b,c,d,e,f, 0. hDls2 v 752 5 252 7 7

8_ ah ) ) > ) ) )gl ) Szyh'yh'Y iSthiXh;X;SZZh’Zh;Z ’

Y .
d9— E h(a; b; C, d; e, f; 9, h, l) |52yh'7h'7 ,Sth,)?hX :Szzh,Z_h'Z and
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021 Oz O3 Ou O1is O O1r Oz Ouo

O (722 O2 Ou O2x Ox O O Oz

Os Oa (723 O3 O3 O3 O3 O3 Oso

Ou Oxn O 024 Osx Osws Osx O O

205 O O Os O 025 Oss Os; Oss Ose |77

Oes1 Os2 Oe Oes Oes 026 Os1 Oes Opo
On On O Owun O O 027 O O
Os1 Os2 Oss Oss Oss Oss Osr 628 O

| Oo1 O92 O9s Ou O9s Oow O9r O O

Here h(a,b,c,d,e, f,g,h, i):h(szyh, Vo Vst 1S40 Xn, Xt ,szzhjz'h,z'st) and X, is the

variance-covariance matrixes of h(a, b, c,d, e, f, g, h,i). Note that X, =Y~_, w, X,=X,

Y =XF_ w,Y,=Y and Zy, =YK_, w,Z,=Z. According to (A.3), we obtain d,, for the

estimator, s2, as follows,

Let o= Xkoq w2y p+iog wp (V, — V)2
—_ vk k 7 v

Vi == Xhe 0p St o= 0 (X, — X )?

V,== 2k 0 S 42k w, (Z, — Z)? , then we have

d =52X Szz
h ViVv2
Y% % > = Vow 2vopwr,(Xn—X) 2vown,(Xp—X Vow
Wp th(Yh_Y) —th(Yh—Y) —(:/h _ Zvowp(Xp—X) owp (Xp—X) _VoWh
1 V1 Vi V2
2vowp (Zy—7) 2vown(Zn—2)
V2 1)
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We obtain the MSE of s2, using (A.1), as

MSE(s*,) = vz Vz [H1+H I ——— (A.4)

Where H , =
oot (s% ) ol Yl eovy, 52, -eovly, 57, )|+ 4
S0 )Yy, 2eov(y, v, V(Y )

H.
_ _ o T1 _ _ 1 _
=—4¥f_ 1 vow?, (¥, = V) [; (cov(Fp, s%4n) — cov(Fg, s22)) + ;(COV(Yh:SZZh) -

_ vow?2 vow?2, Xpn—X) _
Cov(yst'szzh))] - 22Z=1OV—1}1C0U(52xh,52yh) - 42%:1% [COU(xh'Szyh) -

— v — — v —
cov(%g, s%yn) — ﬁ (cov(®y, s%n) — cov (X, s241)) — ﬁ (cov(®y, s%,n) —

_ 2 1 — .
COV(Xst,Szzh))] — 235y Vos; Leov(s?,p,8%n) — 82%:1; vow?, (Y, —Y)(X), —

X) [COU(}_/h,fh) - Cov(yh'fst) - Cov(yst'fh) + Cov(yst'fst)] -

2 (P =V)(Zp=2)
82:%:11/0(0 h hVZ n 2

CO‘U(_’)_/h,Z_h) - CO‘U(}_/h,Z_“) - COU(}_Ist,Z_h) + Cov(ysbz_st)] +

2 2 2 2
Kk Vow kK Voow v2w?, (X —X)? _
Yh=1 321 “v(s%en) + 2 Xk Vomh cov(s?p,5%,n) + 4 Xhi— 1%[ v(%y) —

2cov(xy, Xg) + v(Xs )] +

Véyw vo w2, Xpn—X)Zn-2) _ _ _
Yh=1 322 tv(s?) — 8%foy Vhlvz —= [cov(%Xn, Zs) — cov(Xy, Z4) +

_ _ 20w? ), (Zy—-7)? _ _ - _
cov (¥, Z) = cov(Fye, Zee)] + 4 By == [v(Z4) — 2c0v(Z;, Zoe) + v(Z30)] =
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= 2 h)
y
sty
cov\zy, S —COU(Z S
2 h)
y
= _) ( .
wzh(Zh Z [
4 k L 0 Ve
Zh_

Szzh))]
— cov(Zg,

2 —

52,
o (cov(z,

2 ) -2

ov(Zg,S%,

—c

% eh)

;2.
o (cov(z,

V1
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Appendix B: MSE derivation of regression type estimator of variance

The MSE of the regression estimator for the population variance in the stratified random
sampling in the presence of two auxiliary variables can be obtained using the first-degree

approximation in the Taylor series method as follows:

dp=[ wp 20,y =Y) —=2w,¥, -Y) —Brw, —2B10y(X, —X) 2B 1w, Xy —

X) —Bw, —2Bw,(Z,—2Z) 2B,w,(Z,—Z)] and X} ,using (A.1) and (A.2),

R B I P B T (B.1)
Where
H 3 _281 Zlﬁzl (JL)ZhCO‘U(Sth, Szyh)+4ﬁ1 Zi:l th (Xh - )?) [Cov(fst; Szyh) -

cov(%y, s%,n) + B1(cov (T, s%4n) — cov(Xsp, s241)) + B2 (cov(xy, s2,4) —

cov(%y, 5% 1)) —2B, Xkoq 0hcov(s?yp, 52,4) +4B, Yoy w?y (Zy — 2)
[cov(zy, s%,1) — cov(zy, s%,1) + B1(cov(Zy, s%p) — cov(Zy, s%41)) +

Ba2(cov(zy, s%,1) — cov(Zs, s% 1)) |#4 Xk =1 0, (V) — V) [B1 (cov(Tge, s%0n) —

cov(Fh, s%xn)) — Ba(cov(Fy, s% ) +

cov(Fgr, $2,1)) |[#2B1B2 L=y w?hcov(s?,y, $2,0)+8B2 Loy w2 (Y, — V(Z), —

D) [cov(Fy, z5) — cov(Fy, 2,) + cov(Fse, 24) — cov(Fsp, Z5e )] + 8By Tioog 0?4 (Y —
V)X, — X)[cov(Fy, Xse) — cov(Fp, X)) + cov (T, ) — cov (g, Xs)]+8

BBz Xk oy w? (X — X)(Zy — 2) [cov (X, Z,) — cov(Xy, Zs:) — cov (X, Zp) +

cov(Xse, Ze ) 1+B2, Thoq w2y v(sep) 4% Tk oy w?p (X — X)? [v(x,) —
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2c00(Fp, Xo) + v(E)] + B2, Nhog w?y v(s2,0)+4B%, Bk 0 (Zy — 2)? [v(Zy) —

2cov(zy, zg) + v(Zg)]
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Appendix C: MSE derivation of first proposed estimator
The MSE of the first suggested estimator (Szprl) for the population variance in the
stratified random sampling in the presence of two auxiliary variables can be obtained

using the first degree approximation in the Taylor series method as follows:

d,= ! [ wpk 2wpk(V, —Y) —2w kY, = V) —w,kvov; ™! + Bivivy) —

V1V2

20, (X — X)(kvovy ™1 + Byvivy) 2w, (X — X) (kvey; 1 +
Bivivy) —wp(kvovy Tt + Bovivy) = 2wp(Zy — Z) (kvovy Tt + Bovivy) 2w, (Z) —

Z)(kvgv, ™t + B,viv, ) 1 and Xy, using (A.1) and (A.2), we have

MSE (s%r,) = s [ KT HL+ H [ R 1)

The optimal equation of 3, and B,in (C.1) could be obtained by differentiating (C.1) with

respect to B,and f,and equalizing to zero. i.e

%(MSE (szpr 1)):0

BlV21V22( 4C, + G5 — 4C7)+BZV21V22(C6 — 2Cg — 2Cy9 — 4Cq1)+ kv (Ce — 2Cg —

2C10 - 4C11) + kVOVZ( 4'C2 + C5 - 4'C7) - kV1V2 (Cl + 4C3 + 2C4 + 2C9) =0 ------ (C2)

i (MSE (szprl)) =0

B,v*1v*2(Ce — 2Cg — 2C1 — 4Cy1)+B,v* V%, (4Cip — 4Cy6 + Cy7)+kvgvy (4Cyp —

4C16 + C17)+ kvOVZ(C6 - 2C8 - 2C10 - 4C11) — kV1V2(4C13 + 2C14, + 2C15 + C18)20




Multiply equation (C.2) and (C.3) by (4C;; — 4Cy¢ + C47)+ and —(Cg — 2Cg — 2Cyg —

4Cy1) respectively and then adding the two equation gives the equation of B, as

o *_ kvgvy
B1‘B1 ‘_{ +

vZiv2,

kV1V2[(4C13+2C14+2C15+C18)(C6—2C8—2C10—4C11)—(4C12—4—C16+C17)(C1+4C3+2C4+2C9) ]} _____ (C 4)
[(4C12—4C16+C17)(4Cy+C5—4C7)—(C4—2Cg—2C19—4C11)?] '
Using (C.4) in (C.2), we have
B.=p" _kv1v(C1+4C3+2C4+2Co)— (B, v 1\)22(4C2+C5—4C7))
2P 2 v21v25(C6—2C5—2C19—4C11)
__[kV0V1(C6—2C8—2C10—4C11)—kV0V2(4C12—4C16+C17) ___________ o (C.5)
vZ1v25(C6—2Cg—2C19—4C11) '

Where k =52,52,
C=Y%_, w?,cov(s?,p, s2n)
Co=Yf 1 w2 (X — X)? [v(%,) — 2c0v(Fy, Tet) + v(Xge)]

C3=Yf -1 0, (, — Xy — X)[cov(Fy, X)) — cov(Fy, %) + cov(Fep, X)) —

cov(Yst, Xn)]

Cs=Yf—1 0, (¥, = V) (cov(Fp, s%4n) — cov(Fst, s%41))
Cs= Xh—q @2 v(s%ep)

Co= Y=g 02 ncov(s?en, s2,4)

Cr=Yko 0*h (X — X) (COV(fstnSth) — COV(fh,Sth))
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Co= Yoy 0?1 (X — X) (cov(Fsp, 52,1) — cov(%y, s%,1))
Co =Yk 0’ (X — X) [cov(x, s2,4) — cov(%g, s%yn)]
C10= Xkt @021 (Zy — Z) [cov(Zer, $%en) — cOV(Z1, $%4n)]
C11=%ho1 @24 (X, — X)(Z, = 2) [cov(xp, Zg,) — cov(Xp, Zp) + cov (X, Zgr) —
cov (X, Zp)]

Ci2= Xf—1 0 (Zy — 2)% [v(23) — 2cov(2y, Zgt) + v(Zg,)]

C13=2f =1 W (Y = VV(Zh = 2)[cov(Fy, 2;) — cov(Fy, Zt) + cov(Fgr, Zgy) —

cov(Yse, Zn)]

C1a=2ho1 @24 (Y, — V) [cov(Fh, s2,1) — cov(Tge, 52,1)]
Cis= Yk _w?,(Z, —2) [cov(z’h,szyh) — cov(z’st,szyh)]
Cie=Xk_  w?h(Zy — 2) [cov(z‘st,szyh) — cov(z’h,szyh)]
Cr7=Xf—q 0%y v(s?,1), Cig=2r—1 wzhcov(szyh'szzh)

H.-

{—Zk Yo w?p(kvg vt 4+ Bivivy)  cov(sPi,s2yn) + 435w (kvg vt +
Biviva )2(Xy — X)? [v(X)) — 2c00(%y, Xor) + v(Ee)] + 42k 0%y (kv v, +
Boviv2)*(Zy, — 2)? [v(Z) — 2c0v(Zy, Zot) + v(Zs)] — 8Xfoq kPvo v tw?, (V, —
V)X, — X)[cov(Fp, %) — cov(Pn, Xst) + cov(For, %) — cov (s, Xn)] —

8%k kB, vivow?, (Y, = V) (X = X)[cov(Fy, %) — cov(Fy, Xse) + cov(Fge, Xse) —
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cov(Fsr, )] — 82k 1 k*vo v, w?, (V) = Y)(Z) — 2)[cov(Th, Z1) — cov(Th, Zo:) +
cov(Fse, Zse) — cov(Fse, Zn)] — 8 Xk =y k Byvivaw?y (Vs — V)(Zy — Z)[cov(Fy, 21) —
cov(Fp, Zst) + cov(Fr, Zse) — cov(Fse, Zn)] — 4 Xk oy kK2vow?, (V, —

V) [vi7! (cov@h, s%21) — cov(Fst, s%4n)) + vo~  (cov(Fn, s% 1) — cov(Fg, s%,1))] —
435 kvivaw?, (Y, — V) [ B1(cov(Fh, s%en) — cov(Fsr, s%41)) + B, (cov(Fp, s2,1) —
COV(J_’st:Szzh))] + Zﬁ=1(kvo vt 4+ Blvlvz)z w?p v(st) +2 Zlﬁ=1 (Dzh(kVo v+
Blvlvz)(kvo v+ BZVIVZ)COU(Sth'SZZh) — 4%k wiy(kvy vi7t + 51V1V2)(Xh -
X) [k (cov(fh,szyh) - cov(fst,szyh)) + (kvovy ™t + B,v1v2)(cov(Fe, %) —
cov(%y, s%4n)) + (kvo v2 ™ + B,v1v2)(cov (s, s%21) — cov(fh,szzh))] —

4k w0 (kv vt + Bzvlvz)(Z_h -7) [k (cov(z‘h,szyh) - cov(z‘st,szyh)) +

(kvp v17 + Bivivy)(cov(Zg, s%en) — cov(Zy, s%4p)) +

(kvg v, + Bzvlvz)(cov(z_st,szzh) - cov(z‘h,szzh))] + Yk w?y (kvevy ™t +
BZV1V2)2 v(s?,p) —

23K 02 k(kvy v, + Bovivy)cov(s?yh, s20) — 8 Tkoq w?p (kvg v, +
B,vivy)(kvy vo ™t 4 Byvive) (X, — X) (2 — 2)[cov(%y, Zy) — cov(%y, Z,) +

cov (%, Zyr) — COV(Fsr, 7)1}

The minimum mean square error of s2 to the first order approximation is obtained by

prq?

substituting the optimal equation of $;and 3, in (8) and given by
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MSE (5% ) = | K*Hu+ H | (C6)

min

Where

H s =

{—Zk Yhoiw?p(kvovi ™ + B* vivy)  cov(sPen, s%yn) + +4 2k 0y (kvg vt +
B*viv, )Z(Xh —X)? (%) — 2cov(%y, Xs) + v(Ese)] + 42— 02y (kvg v, +
B*zvlvz)z(z_h —2)? [v(z) — 2c0v(Zy, Zg) + v(Zg)] — 8Xf—1 k*vo vitw?, (¥, —
V)X, — X)[cov(Fy, Xy) — cov(Fh, Xs) + cov(Fr, Xse) — cov(Tge, Xp)] —

8 k=1 kB* vivaw?y (Y — N (X), — X)[cov(Fy, 1) — cov(Fy, %se) + cov (T, ) —
cov(Fsr, )] — 82k 1 k*vo v2 rw?, (W, = Y)(Zy — 2)[cov(Th, Z1) — cov(Th, Zo:) +
cov(Fse, Zse) — cov(Fse, 2n)] — 8 Xf oy k B, viva0?, (Y — V(2 — 2)[cov(Fy, 2;) —
cov(Vh, Zot) + cov(Fsr, Zge) — coV(Vsr, )] — 4 Tk oy k*vow?, (Y, —

V) [vi™" (cov@n, s%en) — covFse, s%en)) + V2~ (cov(Fn, 2 20) — covFse, s%2))]| —
435 1 kvivaw?, (%, — 1) B, (cov(Fn, %) — cov(Tg, s241)) + B, (cov(Fn, s2,4) —
Cov(}_/stjszzh))] + Yo (kvo vyt + 3*11/11/2)2 w?y v(s?) +

2354 U)Zh(kVo v+ ,3*11/11/2)(1“/0 v+ B*2V1V2)COU(52xh'52zh) -

4351w (kvg vi™t 4+ B vivy) (X — X) [k (cov(fh, stn) — cov(fst,szyh)) +
(kvo vt + B viv2)(cov(Fye, s20p) — cov(Xy, s%,1)) +

(kvo v27t + B, v1v2) (cov (X, s%,1) — cov(fh,szzh))] —4¥f_ wl(kvy vt +
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B",v2)(Zy — 2) |k (cov(Zi, s%yn) — cov(Zie, s%yn) ) +

(kvo w1t + B viv2)(cov(Zsr, s%en) — cov(Zy, s%n)) +

(kvo v, ™"+ B*,v1v2) (cov(Zoe, %01) — COV(Z, %,0)) | + Bl oy Py (kv v2 ™0 +
B, viva)t v(s2) — 23y wlnk(kve v, + B, viva)cov(s?yn, s2,) —

8 Xk_1w?y (kvg vi™t + B vavy) (kvg vt + B vivy) (X — XD (Z), —

Dcov(Fy, Ze) — cov(Fy, Zy) + oV (Fe, Zoe) — cOV(Fsr, 7)1}
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Appendix D: MSE of the proposed estimators

The MSE of the proposed estimator (Szprz» S% prar S prar S2pre ) for the population

variance in the stratified random sampling in the presence of two auxiliary variables can
be obtained using the first degree approximation in the Taylor series method as follows:

_(8%4C,)(8%,4C,)
T i) e tC, )
7 7 T 2 Vowp ZV()a)h (Xh—X) ZV()a)h (Xh—)?) Vowp
op 2op(Ny =Y) = 20,(H =) -2 — =50 WitC) 024G,
_ ZVOwh(Z_h—Z_) ZVOwh(Zh—Z)
(V2+Cz ) (V2+CZ )
, Using (A.1) and (A.2), we have:
((s2x+C)(s? z+cz))
MSE(s?%,,, ) = |H,+H J- ememenenenes (D.1)

((v1+C)W2+C, )

Where H 6=

(Yn=Y)
{—42§=1%(000(%» 2en) = cov(Fse, %en)) — 4 T 15 +C)Vow 2n (T —

7)(Cov(yhlSzzh) - COU(}_/St,SZZh)) -

2 3 o o
k  Yo®Th 2 2 ko vo@ p(Xp—X) =2 - 9
Zthlmcov(s hs S yh) —4Zh=1w cov(xh,s yh) —cov(xst,s yh) —

(cov (@, 5%n) — cov(Xst, $%2n)) — (cov(@y, 5%,n) = Cov(xst,szh))]

(v1+C ) (v +C )

2
Vow™p 2 2
23k _ 22 cop(s S -
Zh—l (V2+CZ) ( zh» yh)

vow?y (T =7) (X, —X)

8 Yot T [eov (T, ) — cov(Fn, Tue) — cov(Fse, ) + OV (T, )] —
2, (0 -1Zh-2) — — _ - - =
8% ho1 e [cov(h, Z4) — cov(Fh, Zst) — cov(Fe, Z1) + cov(Fse, Zee)] +

(v2+C,)

v? Ow h 2
Zh 1(V +C )2 U(S xh)+

45



2 2 2 2 'a 7\2

L ppe— L R 2 g2 e Yoo hn=X)" sy =z

251 AT )COU(S xhS<n) T4 251 1107 [v(xp) — 2cov(Xy, X ) +

vo w2 (X —X)(Zy-2)
(V1+Cx)(V2+Cz )

Vzngh
(VZ+C2)2

V(&) + Thizt v(s%.n) —8Xf—1 [cov(Xy, Z) —

- - - o 2ow?y (Zn—2)? —
cov (¥, 24) + cov(Eyr, 24) = cov(For, Zoo)] + 4 Bfios — (1 [v(Z) -

_ _ _ 2, (Zn-2) _ _
2cov(Zy, Zg) + v(Z)] — 4Zﬁ:1% cov(zy,s%yn) — cov(Zg, s%yn) —

(cov(zh, s%) = cov(Zse, s%a1)) = o (OV(Z, $%21) = COV(Zse, s Zh))]}

(V1+C )

(82 4200)(52,482(2))
h ™ (01 4B2(0)) (Vo +B2(2) )

Vv Vv _ Vv _V _ VoWhp _ 2V0(1)h (Xh—X) ZVOwh (Xh_X) _ Vowhp
wp 20, (Y = ¥) 20, (Y =) (vi+B2(x)) (vi+B2(x)) (vi+B2(x)) (v2+B2(2) )
_ 2vowp(Zp—2) 2vowp(Zp—7)

v2+B2(2) ) (v2+B2(2) )

Using (A.1) and (A.2), we have

(52 +8200) (52,4202 )2
((Vl"‘.ﬁz (x))(Vz +B2(2) ))2

MSE(s%r, ) = T TR = (D2)

Where H =

Kk vow?n(Yn-7) — 9 — 2
(a3 D (05, 5%,0) ~ cov (T s2ar) -

2 o o
425 1v0w n(Yp=Y)

Cnaory (cov(n, ) = cov(Fse, 5%21)) —

VOw h

2 2
2B iy e )~
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vow?y (X, —X)

k = o2 _ = Q2 _ Yo Foc2 ) _
4 Xh=1 (1+52(0) COU(xh,S yh) COU(Xst»S yh) (1 4B20) (COU(xh,S xh)

cov (X, 5%ep)) — (cov(®y, s%21) — cov(ye, s Zh))]

(V2+ﬁ2(Z))

2 2 (v V(¥ v
k Vo®“h 2 2 _ kK vowh (Vp—V)Xp—X) - =N
X o) Lt G TR0 X = ey revres LA AR

vow?y Ty =Y)(Zp—7)
(v2+B2(2))

cov(Fp, Est) — cov(Fse, Xn) + cov(Fge, Xst)] — 8 L=y [cov(Yh, Z,) —

cov(Yp, Zse) — cov (Y, Z,) + cov (Y, Zg )] +

v? ow h 2
—g S +
Zh =1 1+ﬁ2( )) ( xh)

2 2
ke VoW h 2 2 vZw?, (X, —X)? _
= ) - 2 -
2 Zh 1 (V1+ﬁ2(X))(V2+,B2(Z) )Cov(s xh S Zh) + 42}1 1 ( +ﬁ ( )) [ (xh)

2cov (i, Xg) + v(Xs)] +

vo w?y (X —X)(Zp—-7)

k vzowzh 2 _ k
h=17" 70($%2n) =8 Xh=1 (vi+B2(x))(va+B2(2) )

(v2+B2(2))

[cov(xp, Zse) — cov(Xy, Z,) +

vZow?, (Z,—7)?

b @) [v(Z)) — 2cov(Z), Zy) + v(Zy,)] —

cov(Xer, Z4) — COV( Xy, Zor)] + 4 Yk

Kk vo @*h(Zn—=2) _ 2 _ - 9 _ vo _ 2y
4Zh=1—(v2+ﬂ2(z)) cov(zh,s yh) cov(zst,s yh) —(Vﬁﬁz(x))(cov(zh,s <h)

COU(Z_st;Sth)) m(cov(zh: zh)—COV(ZsuS zh))]}
— — — — Cy
[0n 200 =7) =20, (1 = 7) -7 |
_(Szxcx+ﬁ2(x))(szzcz+ﬂz(Z)) _ZVOthx Xn—=X) 2vowpCy Xp—-X) _ VowhCy |

_ ZVOthZ(Z_h—Z_) ZVOthZ(Zh—Z_)
(v2Cr+B2(2) ) (v2Cz+p2(2) )

h= (v1Cx+B2())(v2C,+B2(2) ) [ (viCe+B2(x)) (viCe+B2(x)) v2C,+B2(2) )J
Using (A.1) and (A.2), we have
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((s2cCetp2)) (5%, +822)) )2

MSE (s? =~
( P ) ((V1Cx+ﬁ2(x))(v26 +£,(z) ))2

Where H,=

—4 %K, m—hg(}g)m (cov(In, s%4n) — cov(Fst, s%41)) —

43k 2O (o5, 57,1 — OV (o 5Pan)) =
22ﬁ=1%c0v(sth,szyh) - 4251:11%'_1—5:5)@ cov(%y, s%,1) —

cov(%g, s%yp) — (VlCZi—C;z(x)) (cov(xy, s24p) — cov(Fsr, s%41)) —
%(Cov(fh;szzh) - COU(fst,Szzh))] - 22%:1%C0U(522h'52yh) -

VvoCrw?y (Vp=7) (X —X)
(viCx+B2(x))

8YF_1 [cov(Fy, %) — cov (I, ¥sr) — cov(Fgp, %) +

COU(}_Ist, fst)] -

vOCszh(Yh —7)(Z_h—Z_)
(v2C;+B2(2))

82§=1 [COU(}_/h,Z_h) - Cov(}_’h'z_st) - COU(}_Ist,Z_h) +
cov(Yst, Zse)] +

cov(s?,p,s%,,) +

k v2oClw?)y, 2 k CoCv2ow?),
Zh:l (V1Cx+[>’2(x))2 v(s%en) +2 Zh:l (v1Cx+B2()) (w2 C,+B2(2) )

v20Cw? ) (X, —X)? [
(V1Cx+/32(x))2

435 v(Xy) — 2cov(Xy, Xg ) + v(Xs)] +

2 2 2 2 v N 5
k veoC,“w?y 2 ko voCxCro°y (Xp—X)(Zp—-2)
Yh=1 (s%21) —82h=1

T (v2Cr42(2) v =L (V1 B2 (1)) (v2 C,+B2 (2) )[Cov(xh,zst) -

_ _ _ 20C w2 (Z,—2)2 _

cov(Xp, zp) + cov(Xy, Zp) — cov(Xs, Zg )] + 422:11/ 0z & hh —[v(z,) —
(v2C+B2(2))

voC, w2y (Zy—2)

2c0v(Z), Zg) + v(Z)] — 4 XK, CTETRE) cov(z‘h,szyh) - COV(Z_st'Sth) _
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Cy = — C, _

Cov(z_st'szzh))]

[ wp 20,(F, —7) — 20, (T, — ) —eenfa®

o SRR hATh 1F04C |

_($2xB2()+Cx)(S%2B2(2)4C;) | _ 2vownBad) Kn—X)  2vownBa() Kn=X) _ vownBa(2) |

T 1B () +C) 22 (D) HC, ) (V1B200+C) V1B2()+C) v2B2(D)+C,)

l _ 2vowppa(2)(Zy—2) 2vowpB2(2)Zh—2) J

v2B2(2)+C; ) 2B2(2)+C; )

Using (A.1) and (A.2), we have

2

_ ((8%2B200+C)(52, B2 () +C,))

MSE(s%,,, ) = :
(V182G +C) (22 (2)+C, )

o T (D.4)

_ kK voB2()w?, (Vy=T) — 2 _
Where H 9~ —4 Yh=1 (v1B200+Cy) (cov(yh,s xh) — €0V (Y, S xh)) -

4 Zﬁ:l voB2(2)w?; (V) —Y)

— 2 _ 2
(V22 @D+C, ) (COV()’h,S 2h) — cov(Jss, S Zh)) —

Kk B2)vow?y 2 2 Kk voB2(w?, (Xp—X) - 9
23R G g wey V(S n %) = 4 ZR U [cov (i 5%yn) -

voB2(x)

_vop2\X) - 2 _ _ 2 B
(W1B2(x)+Cy) (CO‘U(xh,S Xh) COU(Xst,S xh))

cov(%g, s%yp) —

vofB2(2)

v2B2(2)+C; )

(COU(fh, Szzh) - Cov(fst' Szzh))] -2 Z;(l=1 (2B2(2)+C, )COU(SZZh, Szyh) -

Kk voB2()w?, (V-7 (X, —X) N N _
8 Xh=1 V1 B2 1C) [cov(Fn, %p) — cov(Fh, Xse) — OV (Fsr, Xn) +
voB2(2)w? ), (Y, —Y)(Zy—2)

(v2B2(2)+C; )

cov(Fg, ¥se)] — 8 Xk [cov(Fy, Z1) — cov(Fy, Zg,) —

COU(}_/St,Z_h) + Cov(ystrz_st)] +
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B2(x)B2(2)v2w?y

Zk Vzo(ﬁz(X))zwzh
h=1 2()+C)W2B2(2)+C; )

_O\Fe I 2 2
(v1B2(x)+Cy)? cov(sen, S%,n) +

U(Sth) + 2 2£=1 (Vlﬁ

2 2.2 (7 _9\2
k. vio(B2(0) w?y(Xp—X)
-1 (1B2(x)+Cx)?

[U(fh) - ZCOU(fh,fst) + v(fst)] +

2 ) 2 (F _O\(F 7
ko V2(B22) w?y 2\ _avk YoB2002@)wy(Xy—X)(Zp—2Z)
Li=1 (v2B2(2)+C,)? v(s72n) — 8 2h (v1B2()+Cx)(v2B2(2)+C; )

[cov(Xp, Zg) —

I C0) W/

cov (&, 24) + cov(Ese, 1) — COV(For, Zoe)] + 4 Ty =~ 05

voB2(2)w? (Zy—2)

ZCOU(Z_hrZ_st) + U(Z_st)] - 42%:1 COU(Z_h’ Szyh) - COU(Z_st: Szyh) -

(v2B2(2)+C,)
vof2(x) _ 2 _ _ 2 ___voPa(2) _ 2 _
Grbarrey OV S xn) = OV (o, %xn)) = s (v, 5°an)
COU(Z_strszzh))]

Appendix E: Moments

np_Np

1 N > = . 1
trsen = 3= Znla Whe = Vo) Kni = Xn)* (Zni = Z0)" An = -y o = =0

2 x) = H220h , 0 7) = H202h 1 0, (xz) = Ho022h ’

h(y ) H200hH020R h(y ) H200n 10021 h( ) Ho20nH020n

B2 (yh)::z“ﬂ - is the population kurtosis of the variate of interest in stratum h.
200h

B> (xh)::z"ih -is the population kurtosis of the first auxiliary variable (X) in stratum h.
020h

B (zh)::z"ﬂ - is the population kurtosis of the second auxiliary variable (Z) in stratum
002h

h.
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2
o1 =0(s%n) =St (B ) — 1)
2 NN
oo V) =Sy
2 —
O3 = v()’st) = leizl (‘)zh Ahszyh
2
64 = v(sth) :Ah54xh (,32 (xh) - 1)
2 _ =\ =3 c2
o5 ~ v(xh) _Ahs xh
2 —
oe =V = Yhoy 0l St
z _ 2\ —9 cé4
o7 = V(%) =4S o (Be(zn) = 1)
2 _ =Y =7 c2
og = V(@) =AS"
2 —
o9 V() = Yo w?y S
0= O = V(T s%n) =Antzoon
Owi= O~ CO”(J_’st'Sth) =% 1w Antz00n

Ou=0C. = COU(SZXh'SZVh) = Ahsthszyh (Bh (yX) - 1)

= 2 -
O15=051= Cov(xh,s yh)_ Anti210n
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O —O%1 = cov(fst,szyh) = YF—1 @ Anl210n

O1r— Oy — COV(s%yp,5%,4) = 2,852,152, (6, (yz) — 1)
Ois ~Oai= cov(zy, s%y1) =Ankz01n

O1o = O = €0V (Fstr8%yn) =Xi=1 @ Anbzo1n

O3 = O = €OV, Fs)=2hi 21 @p A, S2

Crue Osy — COV(Th, 5%41)= Anlazon

O 25— Oy = COV(Tn, X)) =ApSyxp

e Oere Oss— Oss ~COV(Fse, ¥)= cov(F, Xse)=Xfi—1 @p AnSyn
G = O COV(Th, 5% 21)= Aptirozn

O =Osy— COVTh, Z1) =AnSyzn

o= Oor= Os = Ogs= VT, Zst)=Xli =1 @n 2nSyzn
Oz = Oz Vst $%n)= Th=1 WpAnlii20n

O3~ O — Cov(yst'fst)zzzzl th AhSyxh
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O =03 = C0V(Fse, $2,1)= Xk 1 0 Apbiozn
O30=093= cov(Yst, Z_st):2£=1 wzh Ahsyzh
O ~Osy = cov (X, S%xn)= Antozon
O 16 = Oes= COV(Est, 5%1)= fi=1 @ndnkozon
Gar =075 = €oV(s% 41, 8%,) = 1,S% ;4 S% 1, (Bp (2x) — 1)
G =Oe= COV(Z,5%1)= Apttozin
Oio = Oroa= COV(Zst, $% ) =Yl o1 W Antop1n
Ose= Oes= COV (X, Xst)=Xh =1 @p Ay S%ep
O =0 = €0V (Xn, $%,1)= Aplorzn
Oss ~Oss — cov(Xp, Zp) =ApSxzn
Os9 O ~Oss ~ Oss cov(Xp, Zs )=cov(Zp, fst)zzﬁzl Wh ApSyzn
O~ O — cov(Xse, Szzh):Z;ﬁ:l Wy AR fo12n
O =05 = COV(Xst, Zgt)=Y =1 @2 h ApSyzn
O 16~ Oy = €0V(Z, 8% ,0)= Aptioosn
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- - - 2 \_Vk
O:9- 097 ~ cov(Zgt, S°10)=2h=1 ©WrAnHoo3h

- - = = \=\k 2
O3 Og ~ cov(Zp, Zse)=Dp=1 OpApS 21
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