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SYMBOLS AND ABBREVIATIONS

SYMBOLS

1. R+ - the set of positive real numbers

2. R - the set of real numbers

3. C - the set of complex numbers

4. k - set of scalars from the set of complex numbers

5. θ - the zero vector

6. I - the identity matrix

7. ‖.‖- norm of

8. →- tend to

9. O(1) - capital order i.e.xn = O(1) if there existM ∈ R+ such that|xn| ≤ M, ∀n

10. o(1) - small order i.e.xn ∈ o(n) asn→ ∞ if xn → 0 asn→ ∞

11. /0- empty set

ABBREVIATIONS

1. s - the set of all sequences

2. c0- the set of all sequences which converge to zero - null sequences

3. ℓp(0< p< ∞) - sequences such that
∞
∑

k=0
|x|p < ∞

4. c - convergent sequences

5. ℓ∞ - bounded sequences i.e. sequencesx such that supk |xk|< ∞

6. bv- sequences of bounded variation i.e. sequencesx such that
∞
∑

k=0
|xk+1−xk|<∞

7. bv0 - sequences of bounded variation withxk → 0 ask→ ∞

8. ¯bv0 - statistically null bounded variation sequences i.e. if△xk ∈ ℓ1 such that

δ ({ki ∈ N : i ∈ N}) = 1 where△xki = xki −xki+1for all i ∈ N
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9. bs- bounded series i.e. sequencesx such that supn≥0{
n
∑

k=0
|xk|}< ∞

10. cs- convergent series i.e sequencesx such that
∞
∑

k=0
xk is convergent

11. wp(0< p< ∞) - the space of strongly Cesaro summable complex sequences of

order 1 indexp i.e. the set of all sequencesx = (xk)
∞
k=1such that there exist a

numberℓ depending onx for which
∞
∑

k=0
|xk− ℓ|p = o(n)

12. wp(0) - the space of strongly Cesaro summable complex sequences oforder 1

index p such thatℓ= 0

13. w.l.o.g - without loss of generality
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ABSTRACT

Spectral theory is an important branch of Mathematics due toits application in other

branches of science. In summability theory, different classes of matrices have been

investigated and characterized. There are various types ofsummability methods e.g.

Nörlund operators, Cesaro, Riesz, Euler, Abel and many others. Thisresearch in-

vestigates and determines the spectrum of a class ofNörlund operators on the se-

quence spacesc0, c andbv0. This is achieved by constructing the resolvent operator

Tλ = (T − Iλ )−1, the spectrum is then given by all the values ofλ for which Tλ does

not exist as a bounded operator on the sequence spacec0, c andbv0. It is shown that

the spectrum consists of the set{λ ∈C :
∣

∣λ − 1
3

∣

∣≤ 1
3}∪{1}. This will find application

in the development of Tauberian and Mercerian theorems for the Nörlund operator

which are used to determine the limit or sum of a convergent sequence or series. In

addition the eigenvalues and the eigenvectors are used to solve infinite linear system of

equations. Infinite dimensional linear systems appears naturally when studying control

problems for systems modelled by linear partial differential equations. Many problems

in dynamical systems can be written in form of infinite differential systems e.g Mathieu

equation, Hill’s equation.

ix



CHAPTER ONE

INTRODUCTION AND LITERATURE REVIEW

1.1 Background of the Study

Basic concepts on the spectral theory, summability theory and some results of previous

studies with a bearing on the topic of study are explored in this section.

1.1.1 Introduction

Spectral theory is an important branch of Mathematics due toits application in other

branches of science. It is proved to be a standard tool of mathematical sciences be-

cause of its usefulness and application oriented scope in different fields. In numerical

analysis, the spectral values may determine whether a descretization of a differential

equation will get the right answer or how fast a conjugate gradient iteration will con-

verge. In aeronautics, the spectral values may determine whether the flow over a wing

is laminar or turbulent. In electrical engineering, it may determine the frequency re-

sponse of an amplifier or the reliability of a power system. Inquantum mechanics, it

may determine atomic energy levels and thus, the frequency of a laser or the spectral

signature of a star. In structural mechanics, it may determine whether an automobile

is too noisy or whether a building will collapse during an earthquake. In ecology, the

spectral values may determine whether a food web will settleinto a steady equilib-

rium. In probability theory, they may be used to determine the rate of convergence of

a Markov process.

Mathematics, especially mathematical analysis, developsand is maintained via the

concept of convergence of sequences and series. Even in applied science and engineer-

ing, one is interested in the convergence of sequences and series of results generated

during experiments. Established theorems such as ratio theorem and integral theorem

are not applicable in a variety of sequences and series. Evenwhere they apply, they

just determine convergence but not the limit or sum of a convergent sequence or series.

Tauberian and Mercerian theorems handles this problem well. The convergence and

even limit of a convergent sequence or series is determined from the convergence of

some transform of it together with a side condition.

In summability theory, different classes of matrices have been investigated and char-

acterized into classes. There are various types of summability methods likeNörlund

operators, Cesaro, Riesz, Euler, Abel and many others. Throughout this researchN
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denotes the set of non-negative integers. A sequence of realnumbers is a real valued

function whose domain is the setN . The symbol(xn)
∞
1 is used to denote an infinite se-

quence e.g.(xn)
∞
1 = (1

n)
∞
1 = {1, 1

2,
1
3, · · ·}. A sequence is said to converge if lim

n→∞
xn = l

wherel is a finite number. A sequence diverges if it does not converge.

A series is the sum of the sequence i.e
∞
∑

n=1
xn = x1 + x2 + · · · . A series is said to

converge if thenth partial sumsn = x1+x2+ · · ·+xn tends to a finite limitsasn→ ∞.

If sn does not tend to a finite limit asn → ∞, then the series is said to diverge. The

value of this limit is called the sum of the series denoted bys=
∞
∑

n=1
xn.

1.1.2 Classical Summability

The central point of summability theory is to find means of assigning a limit to a

divergent sequence or sum to a divergent series in such a way that the sequence or

series can be manipulated as though it converges, (Ruckle, 1981, pg 159-161). The

most common means of summing a divergent series or sequence is that of using an

infinite matrix of complex numbers.

Definition 1.1.1. (Sequence to sequence Transformation)

Let A = (ank), n, k = 0, 1, 2, . . . be an infinite matrix of complex numbers. Given a

sequencex= (xk)
∞
k=0 define

yn =
∞

∑
k=0

ankxk, n= 0, 1, 2, . . . (1.1.1)

If the series 1.1.1, converges for alln then the sequencey = (yn)
∞
n=0, is called the

A−transform of the sequencex= (xk)
∞
k=0. If further yn → a asn→ ∞, then(xk)

∞
k=0 is

summableA to a. There are numerous sequence to sequence transformations.Below

are few well known examples.

Example 1.1.2.(Cesaro opearator)

Consider the matrixA= (ank), where

ank =







1
1+n,

0,

0≤ k≤ n

k> n
(1.1.2)

and a sequence(xk)
∞
k=0 = (1,0,1,0, . . .), then the sequence(xk)

∞
0 is summable byA to

1
2. The matrixA is called the Cesaro operator of order 1 and is usually denoted by

2



(C,1) or C1. Cesaro operator of other orders are also well known, the most general is

(C,α) operator which are given by

ank =







Aα−1
n−k
Aα

n
,

0,

0≤ k≤ n

k> n
(1.1.3)

whereAα
n =

(

α +n

n

)

= Γ(α+n+1)
Γ(α+1)Γ(n+1) , α >−1(Holder operator)

Closely related to the Cesaro operator(C,α) is the Holder operator(H,k). This is

simply the product of(C,1) operatork times. Its matrix is given by

h(m)
nk =

(

h(1)nk

)(

h(m−1)
nk

)

(1.1.4)

whereh(1)nk = (C,1), (Powel and Shah, 1972, pg. 46-49).

Example 1.1.3.(Holder operator)

Closely related to the Cesaro operator(C,α) is the Holder operator(H,k). This is

simply the product of(C,1) operatork times. Its matrix is given by

h(m)
nk =

(

h(1)nk

)(

h(m−1)
nk

)

(1.1.5)

whereh(1)nk = (C,1), (Powel and Shah, 1972, pg. 46-49).

Example 1.1.4.(Nörlund operator)

Let the sequence{pn}
∞
0 be the sequence of real numbers withp0 > 0, the transfor-

mation given by

yn =
1
Pn

n

∑
k=0

pn−kxk, n= 0,1,2, . . . (1.1.6)

wherePn = p0 + p1+ · · ·+ pn 6= 0, is called aNörlund operatorand is denoted by

(N, p). Its matrix is given by

ank =







pn−k
Pn

,

0,

0≤ k≤ n

k> n
(1.1.7)

In Matrix 1.1.7, if p0 = 1, p1 = −2, p2 = p3 = p4 = · · · = 0, thenank transforms the

unbounded sequence(xk)
∞
k=0 = (1,2,4,8, . . .) to zero. Ifpn = 1 for eachn= 0,1,2, · · · ,

then(ank) = (C,1), (Powel and Shah, 1972, pg. 45-46).

3



Similarly in matrix 1.1.7 ifp0 = m, p1 = p2 = p3 = p4 = · · ·= 0, m∈ R this gives

the identity matrix

ank =







1, n= k

0, Otherwise
(1.1.8)

That is,

A=

















1 0 0 0 · · ·

0 1 0 0 · · ·

0 0 1 0 · · ·

0 0 0 1 · · ·

· · ·

















(1.1.9)

Similarly in matrix 1.1.7 if p0 = p1 = m, p2 = p3 = p4 = · · · = 0, m∈ R then the

matrix is given by

ank =



















1, n= k= 0

1
2, n−1≤ k≤ n

0, Otherwise

(1.1.10)

That is,

A=























1 0 0 0 · · ·
1
2

1
2 0 0 · · ·

0 1
2

1
2 0 · · ·

0 0 1
2

1
2 · · ·

0 0 0 1
2 · · ·

· · ·























(1.1.11)

If pn =

(

n+k−1

k−1

)

=
Γ(n+k)

Γ(n+1)Γ(k) , k > 0 then(N, pn) is the(C,k) operator, (Hardy,

1948 pg. 64-65).

In matrix 1.1.7, ifp0 = p1 = p2 = m, p3 = p4 = p5 · · · = 0, m∈ R then the matrix is

given by

bnk =































1, n= k= 0

1
2, n= 1, 0≤ k≤ n

1
3, n−2≤ k≤ n

0, Otherwise

(1.1.12)

That is,

4



B=























1 0 0 0 · · ·
1
2

1
2 0 0 · · ·

1
3

1
3

1
3 0 · · ·

0 1
3

1
3

1
3 · · ·

0 0 1
3

1
3 · · ·

· · ·























(1.1.13)

This matrix represents all theNörlund operators in which the first three terms of the

sequence{pn}
∞
0 are equal and the rest are zeros. It converts any sequence to asequence

of the arithmetic mean of three consecutive terms of the original sequence apart from

the first term which it maintains and the second term which is the arithmetic mean of

the first two terms. This research will focus on this class of matrices.

Definition 1.1.5. (Series to series transformation)

The transformation of the series
∞
∑

k=0
xk into a convergent series

∞
∑

n=0
yn by an infinite

matrixA= (ank) so that

yn =
∞

∑
k=0

ankxk (1.1.14)

is called series to series transformation.

1.1.3 General Results in Classical Summability

(X,Y) is the set of all matricesA which mapsX intoY. (X,Y, p) is the subset of(X,Y)

for which limits or sums are preserved, i.eA∈ (c,c, p) means thatAn(x) ∈ c for each

n wheneverx∈ c andAn(x)→ l asn→ ∞ wheneverx→ l asn→ ∞.

Definition 1.1.6. (Regular Method, Conservative method)

Let A= (ank), n= 0,1,2, . . . be an infinite matrix of complex numbers;

i. If the A−transform of any convergent sequence of complex numbers exists and

converges, thenA is called a conservative method. It is then written asA∈ (c,c).

ii If A is conservative and preserves the limits i.e

lim
n→∞

yn = lim
n→∞

xn = a, a∈ C (1.1.15)

where(yn)
∞
n=0 is theA−transform of the convergent sequence(xn)

∞
n=0, thenA is called

regular. It is then written asA∈ (c,c, p).

5



Theorem 1.1.7.(Kojima-Shur)

A∈ (c,c) if and only if

i. lim
n→∞

ank = ak for each fixedk, k= 0,1,2, . . .

ii. lim
n→∞

∞
∑

k=0
ank = a asn→ ∞.

iii. supn≥0{
∞
∑

k=0
|ank|}< ∞.

(Maddox, 1970, pg. 166-167).

Theorem 1.1.8.(Silverman-Toeplitz)

A∈ (c,c, p) if and only if

i. lim
n→∞

ank = 0 for each fixedk, k= 0,1,2, . . ..

ii. lim
n→∞

∞
∑

k=0
ank = 1 asn→ ∞.

iii. supn≥0{
∞
∑

k=0
|ank|} ≤ M < ∞, M ∈ R∔.

(Maddox, 1970, pg. 165-166)

Theorem 1.1.9.A∈ (c0,c0) if and only if

i. lim
n→∞

ank = 0 for each fixedk, k= 0,1,2, . . ..

ii. supn≥0{
∞
∑

k=0
|ank|}< ∞.

(Maddox, 1970, pg. 165-167).

Theorem 1.1.10.A∈ (l1, l1) if and only if

i.
∞
∑

n=0
|ank|< ∞ for each fixedk.

ii. supk{
∞
∑

n=0
|ank|}< ∞.

(Limaye, 1996, pg. 88-90, 154-156)

Theorem 1.1.11.A∈ (l1, lp) if and only if

i. supk{
∞
∑

k=0
|ank|

p}= M < ∞, 1≤ p< ∞.

ii. supn,k |ank|< ∞, for the case,p= ∞.

(Maddox, 1970, pg 167)

Recall: If
∞
∑

k=0
|bnk| < ∞ for eachn and

∞
∑

k=0
|bnk| → 0 asn → ∞, then

∞
∑

k=0
|bnk| is

uniformly convergent inn,

Theorem 1.1.12.(Schur)

6



A∈ (l∞,c) if and only if

i.
∞
∑

k=0
|ank| converges uniformly inn.

ii. There exists lim
n→∞

ank for each fixedk.

Definition 1.1.13. (Spacesbvandbv0 )

The sequence spacebv is such thatx∈ bv if

∞

∑
k=0

|xk+1−xk|< ∞ (1.1.16)

andx∈ bv0 if x∈ bv with xk → 0 ask → ∞. That isbv0 is the space of sequences of

bounded variation with limit zero.

Theorem 1.1.14.A∈ (bv0,bv0) if and only if

i. lim
n→∞

ank = 0 for each fixedk≥ 0.

ii. supm≥0

∞
∑

n=0

∣

∣

∣

∣

m
∑

k=0

(

ank−an−1,k
)

∣

∣

∣

∣

< ∞.

Theorem 1.1.15.A∈ (bv,bv) if and only if

i. supm≥0

∞
∑

n=0

∣

∣

∣

∣

m
∑

k=0

(

ank−an−1,k
)

∣

∣

∣

∣

< ∞.

ii.
∞
∑

k=0
ank converges for alln≥ 0.

Moreover‖A‖(bv,bv) = ‖A‖(bv0,bv0)
= supm≥0

∞
∑

n=0

∣

∣

∣

∣

m
∑

k=0

(

ank−an−1,k
)

∣

∣

∣

∣

. (Jakimovski and

Russel, 1972 , pg. 345-353).

Below are some of the characteristics of the spaces discussed above

i. (c,c, p)⊂ (l∞, l∞).

ii. (l∞,c,)⊂ (c,c).

iii. (c,c, p)⊂ (c0,c0).

iv. (c,c, p)∩ (l∞,c) = /0.

v. If A,B∈ (c,c)⇒ A+B, AB∈ (c,c) where(AB)nk =
∞
∑

i=0
anibik.

vi. A∈ (l∞,c0) if and only if
∞
∑

k=0
|ank| → 0 asn→ ∞.

1.1.4 Banach Spaces

Definition 1.1.16. (Paranorm)

7



A paranormp on a linear spaceX, is a functionp : X →R such that

i. p(θ) = 0, whereθ denotes the zero vector

ii. p(x)≥ 0

iii. p(x) = p(−x)

iv. p(x+y) ≤ p(x)+ p(y)

v. If (λn)
∞
0 is a sequence of scalars withλn → λ and(xn)

∞
0 is a sequence of points

in X with xn → x, thenp(λnxn−λx)→ 0 (Continuity of multiplication)

Definition 1.1.17. (Seminorm and Norm)

A seminormp on a linear spaceX, is a functionp : X → R such that

i. p(x) ≥ 0

ii. p(x+y) ≤ p(x)+ p(y)

iii. p(λx) = |λ | p(x), λ ∈ k

If in addition to these conditions, if a seminorm satisfies the condition thatp(x) = θ if

and only ifx= θ , then it is called a norm.

Definition 1.1.18. (Linear topological space)

A linear topological space is a linear spaceX which has a topologyT, such that

addition and scalar multiplication inX are continuous. IfT is given a metric, it is a

linear metric space.

Definition 1.1.19. (Schauder basis)

Let X be a paranormed or normed space with a paranormp or norm‖.‖. A se-

quence(bk)
∞
0 of elements ofX is called a schauder basis if and only if for everyx∈X, ∃

a unique sequence of scalars(λk)
∞
0 such that

x=
∞

∑
k=0

λkbk. (1.1.17)

That is, p(x−
∞
∑

k=0
λkbk) → 0 asn → ∞ or in norm notation

∥

∥

∥

∥

x−
∞
∑

k=0
λkbk

∥

∥

∥

∥

→ 0 as

n→ ∞

Example 1.1.20.△= (δ k)∞
0 = (δ 0,δ 1,δ 2, · · ·) is a schauder basis for the spaces

c0,bv0, lp(0< p< 1),cs,s.

8



△+ = (δ ,δ 0,δ 1,δ 2, · · ·) is a schauder basis for the spacesc,bv. The spacesl∞ andbs

have no schauder basis

Example 1.1.21.c0, c, lp(p ≥ 1), l∞, bv, bv0, cs, bs, wp(p ≥ 1) are all normed linear

spaces.

Their norms are as follows;c0, c, l∞ have the same natural norm namely‖x‖ =

supn≥0{|xn|};

lp(1≤ P< ∞) has a natural norm

‖x‖=

(

∞

∑
k=0

|xn|
p

)
1
p

. (1.1.18)

bvhas a natural norm

‖x‖= lim
n→∞

|x|+
∞

∑
k=0

|xk+1−xk| . (1.1.19)

bv0 has a natural norm

‖x‖=
∞

∑
k=0

|xk+1−xk| . (1.1.20)

csandbshave the same natural norm given by

‖x‖= sup
n≥0

{∣

∣

∣

∣

∣

∞

∑
k=0

xk

∣

∣

∣

∣

∣

}

. (1.1.21)

Definition 1.1.22. (Banach Spaces)

A Banach space is a complete normed linear space. Completeness means that if

‖xm−xn‖→ 0 asm, n→∞, wherexn ∈X, then there existsx∈X such that‖xn−x‖→

0 asn→ ∞.

Example 1.1.23.The spacesc0, c, lp(p≥ 1), l∞, bv, bv0, cs, bs, wp(p≥ 1) are all Ba-

nach spaces under their natural norms.

Definition 1.1.24. (Frechet space), FK - space

A Frechet space is a complete linear metric space. An FK - space is a Frechet space

with continuous coordinates. A normed FK - space is called a BK - Space.

NOTE: Every Frechet space with a schauder basis is an FK - space. Theexamples

of FK - spaces arec0, c, lp(p ≥ 1), bv, bv0, cs, wp(p ≥ 1) , (Bennet, 1971), (Bennet,

1972b), (Bennet, 1972a), (Bennet and Kalton, 1972), (Brown, et al, 1969) and (Mad-

dox, 1970).
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1.1.5 Linear Operators and Functionals

Definition 1.1.25. (Linear Operator)

Let X andY be linear spaces. Then a functionf : X →Y is called a linear operator

or a map or a transformation if and only if for allx, y ∈ X and allλ , µ ∈ k

f (λx+µy) = λ f (x)+µ f (y). (1.1.22)

Definition 1.1.26. (Linear Functional)

A function f is a linear functional onX if f : X → k is a linear operator, i.e. a

linear functional is a real or complex valued linear operator.

Definition 1.1.27. (Bounded linear operator)

A linear OperatorA : X →Y is called bounded if there exist a constantM such that

‖A(x)‖ ≤ M ‖x‖ , ∀x∈ X. (1.1.23)

NOTE: A bounded functional onX satisfies,

| f (x)| ≤ M ‖x‖ , ∀x∈ X. (1.1.24)

NOTATION: Let X andY be linear spaces. ThenL(X,Y) denotes the set of all linear

operators onX into Y. L(X,k) the set of all linear functionals onX. It is usual to

denote this byX+ and call it the algebraic dual ofX.

Definition 1.1.28. (Continuous dual ofX)

Let X andY be normed spaces. ThenB(X,Y) denotes the set of all bounded or contin-

uous linear operators onX into Y. B(X,k), the set of all bounded or continuous linear

functionals onX.

Remark1.1.29. Let X be a Banach space, thenB(X,X) = B(X), the linear space of all

bounded linear operatorsT on X into itself is a Banach space with norm

‖T‖=
sup

‖x‖≤1
‖Tx‖ . (1.1.25)

(Maddox,1970, pg. 107)
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This norm induces a metric topology, the uniform operator topology onB(X),

(Dunford and Schwatz, 1957, pg. 475)

Definition 1.1.30. (Adjoint OperatorT∗)

The adjointT∗ of linear operatorT ∈ B(X,Y) is the mapping fromY∗to X∗ defined

by

T∗ ◦ f = f ◦T, f ∈Y∗. (1.1.26)

Theorem 1.1.31.T∗ is linear and bounded. Moreover,‖T∗‖= ‖T‖,

(Kreyszig, 1980, pg. 232).

Theorem 1.1.32.A linear Operator T∈ B(X,Y) has a bounded inverse T−1 defined

on all Y if and only if its adjoint T∗has a bounded inverse(T∗)−1 defined on all of X∗.

When these inverses exist,(T−1)∗ = (T∗)−1,

(Goldberg, 1966, pg. 60).

Definition 1.1.33. (Resolvent Operator,Rλ = (T −λ I)−1)

Let X be a non - empty Banach space and suppose thatT : X → X . With T,

associated is the operatorTλ = T −λ I , λ ∈ C,where I is the identity operator onX.

If Tλ = T −λ I has an inverse, then it is denoted byRλ (T) or simplyRλ and call it the

resolvent operator ofT.

Definition 1.1.34. (Resolvent setρ(T), spectrumσ(T))

Let X be a non - empty Banach space and suppose thatT : X → X . The resolvent

setρ(T) of T is the set of complex numbersλ for which(T−λ I)−1 exist as a bounded

operator with the domainX. The spectrumσ(T) of T is the compliment ofρ(T) in C.

Theorem 1.1.35.The resolvent setρ(T) of a bounded linear operator T on a Banach

space X is open; hence the spectrumσ(T) of T is closed,

(Kreyszig, 1980, pg. 376).

Theorem 1.1.36.If X is any Banach space and T∈ B(X), thenσ(T) 6= /0,

(Taylor and Lay, 1980, pg. 278)

The spectrumσ(T) of a bounded linear operatorT : X → X on a Banach spaceX is

compact and lies in the disk given by:

|λ |= ‖T‖ . (1.1.27)

(Kreyszig, 1980, pg. 377).
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Theorem 1.1.37.Let T ∈ B(X), where X is any Banach space, then the spectrum of

T∗is identical to the spectrum of T . Furthermore, Rλ (T
∗) = (Rλ (T))

∗for λ ∈ ρ(T) =
ρ(T∗),

(Goldberg, 1966, pg. 71).
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1.2 Literature Review

The spectra of conservative matrices and in particular the spectrum of any Hausdorff

method is either uncountable or finite if it’s finite then it consists of one point or two

points. Let E be Hausdorff method correspoding to the seqeunce
{

1, q, q2, q3, · · ·
}

, 0<

q< 1, thenαI +(1−α)E is Mercerian if and only if|α| > |1−α|. Thus forα > 0,

αI +(1−α)E is Mercerian if and only ifα > 1
2, (Sharma, 1972) .

Some of the well known Hausdorff matrices are Cesaro, Holder, Euler, Gamma and

Generalized Cesaro. IfH is a Hausdorff operator inℓ2
+, then there exist a bounded

analytic functionψ onE = {z∈C : |z−1|< 1}, with ψ(1) = 1 such thatH = ψ(C1).

Thenψ(E) is an open set, the spectrum ofH, σ(H) = closureψ(E), and the point

spectrumσp(H∗) contains the setψ(E)− which is the complex conjugate ofψ(E).

Finally ‖H‖= sup{|λ | : λ ∈ ψ(E)} (Deddens, 1978)

The isolated points of the spectra of conservative matricesare given by the diagonal

elements of these matrices, (Sharma, 1975).

The fine spectra ofC1, the Cesaro Operator andCp
1 , (p a positive integer), the Holder

summability operator of orderp on c- the space of convergent sequences have been

investigated. The fine spectra ofC1consists of all points exterior to the circle centered

at
(

1
2,0
)

with radius 1
2. The Holder summability operator has a fine spectra given

by the closed region bounded by the closed curve given in polar cordinates byr =

cosp(θ
p) (Wenger, 1975). Wenger’s work was extended by determining the fine spectra

of weighted mean operators onc. Let A be a regular weighted mean method such that

δ = lim pn/Pn exists. If λ satisfies
∣

∣λ − (2−δ )−1
∣

∣ < |1−δ |/|2−δ |, thenλ is a point of

σ(A) for whichR(T) 6= X andT−1 exists and is continuous, (Rhoedes, 1983).

Brown and others determined the spectrum of the Cesaro operator (C1 operator) on the

spaceℓ2 of square summable sequences, they showed that it consists of all {λ ∈ C :

|λ −1| ≤ 1, (Brown et al, 1965). This was extended by determining the spectrum of the

sameC1 operator onℓp(R+) for p 6= 2. The spectrum is given by the set{λ : Re( 1
λ ) =

(p−1)/p} which for p= −1, is a circle centered at 2(p−1)/p and the same radius,

and forp= 1, is the imaginary axis, (Boyd, 1968). The spectrum of the cesaro operator

on c0- the space of null sequences, consists of allλ satisfying
∣

∣λ − 1
2

∣

∣ ≤ 1
2, (Reade,

1985). Okutoyi in the same year determined the spectrum ofC1operator onwp(0)(1≤

p < ∞), and concluded that the spectrum is the setσ(C1) = {λ ∈ C :
∣

∣λ − 1
2

∣

∣ ≤ 1
2}

with no eigenvalues, (Okutoyi, 1985). The spectrum of(I −C)∗ as an operator in

ℓp(1 < p < ∞) is σ
(

(I −C)∗
)

= {z− (p/2−1) : |z| ≤ p/2}, (Gonzalez, 1985). The

spectrum ofC1 as an operator on thebv0 space is{λ ∈ C :
∣

∣λ − 1
2

∣

∣ ≤ 1
2} , (Okutoyi,

1990). The only eigenvalue ofC1 ∈ B(bv), the space of bounded variations, isλ = 1,
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and its spectrum is given byσ(C1) = {λ ∈C :
∣

∣λ − 1
2

∣

∣≤ 1
2}, (Okutoyi, 1992). In 1996,

Shafiquel Islam obtained the spectrum of theC1 operator onℓ∞- the space of bounded

sequences, (Shafiquel, 1996). The spectrum of theC1 operator onwp(1≤ p< ∞) - the

space of strongly Cesaro summable complex sequences of order 1, indexp, is the set

{λ ∈ C :
∣

∣λ − 1
2

∣

∣ ≤ 1
2} and its eigenvalue isλ = 1, (Okutoyi and Akanga, 2005). Let

C1 : ¯bv0∩ ℓ∞ → ¯bv0∩ ℓ∞, then the spectrum ofC1 is σ(C1) = {λ ∈ C :
∣

∣λ − 1
2

∣

∣ ≤ 1
2},

(Binod et al, 2013).

LetA= {λ ∈ C : λ = λ1.λ2, whereλ1,λ2 ∈ D} andB=
{

λ ∈ C : λ = λ 2
3 , λ3 ∈ D

}

where

D= {z∈C :
∣

∣z− 1
2

∣

∣≤ 1
2}, thenA=B. The spectrum of the cesaro operator of order two

(C11 operator) onc0(c0)- the space of double null sequences, isσ(C11) = A (Okutoyi

and Thorpe, 1989).

It has been shown that the spectrum of a certain mercerianNörlundoperator withann=

1, contains negative numbers, (Dorff and Wilansky, 1960). The set of eigenvalues of a

specialNörlund operator in whichpk = rk, 0< r < 1 andk≥ 1 as a bounded operator

over the sequence spacesℓ∞, c andbv, is the singleton set{1}, (Coskun, 2003). In

the abstract of his paper, Coskun remarked that as far as he was concerned there was

no investigations on the spectrum ofNörlund operator. The spectrum of a special

Nörlund Q operator on the spacec0, is the set{λ ∈ C :
∣

∣λ − 1
2

∣

∣ ≤ 1
2} and it has no

eigenvalues, (Akanga et at, 2010). The spectrum of a specialNörlund operator in

which p0 = p1 = 1, p2 = p3 = · · ·= 0 as a bounded operator on the sequence spacec,

is the set{λ ∈ C :
∣

∣λ − 1
2

∣

∣≤ 1
2} and it has one eigenvalueλ = 1 corresponding to the

eigenvectorx= (1,1,1· · ·)T , (Akanga, 2014).

In this research, we investigate and determine the spectrumof a classB of Nörlund

operators on three sequence spacesc0, c andbv0.
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1.3 Statement of the Problem

Mathematics, especially mathematical analysis, developsand is maintained via the

concept of convergence of sequences and series. Even in applied science and engineer-

ing, one is interested in the convergence of sequences and series of results generated

during experiments. A divergent series or sequence is therefore not as useful as the

convergent ones.

Spectral theory is applied in the determination of convergence or non - convergence of

sequences and series.

The theorems in which ordinary convergence is deduced from the fact that one has

some condition plus additional condition are called Tauberian theorems. The spec-

trum of an operator plays a crucial role in the development ofTauberian theory for

the operator which is used to determine the limit or sum of a convergent sequence or

series. Mercerian theorems are also developed using the spectrum of an operator and

are used to determine the limit or sum of a convergent sequence or series. For ex-

ample, letA be a coregular triangle with inverse satisfyinga−1
nk ≤ 0, (n< k) , a−1

nn >

0, (n= 0,1,2, · · ·), thenI +αA is equivalent for convergence forRe(α) > −1
t where

t = lim Ae, e= {1,1,1,1, · · ·} andek = {0,0, · · · ,1, · · ·}, 1 in thekth position.

The spectrum and the eigenvalues of the Cesaro Operator of order 1,C1, on the se-

quence spacesc0,c, ℓp(0< p< ∞), c, ℓ∞, bv, bv0, ¯bv0, bs, cs, wp(0< p< ∞), wp(0),

have been investigated by many researchers, the recent onesbeing Okutoyi and Akanga

(2005), Binod and Pallavi (2013). Hence various Tauberian and Mercerian theorems

have been developed. On the other hand, the spectrum and eigenvalues of special

Nörlund operators have been investigated by researchers such as Dorff and Wilansky

(1960), Coskun (2003), Akanga, Mwathi and Wali (2010) and Akanga (2014). The

spectrum of a generalNörlund operator has not been determined and therefore the

Tauberian and Mercerian theorems has not been determined for that operator.

In this research, we investigate and determine the spectrumof a classB of Nörlund

operators on the sequence spacesc0, c andbv0. These are the most common spaces

in analysis. This will find application in the development ofTauberian and Mercerian

theorems for theNörlund operator which is used to determine the limit or sum of a

convergent sequence or series

15



1.4 Justification

A part from the various applications of spectral theory mentioned in section 1.1, the

spectrum of operators is a very important tool in the solution of systems of linear equa-

tions. Established theorems such as the comparison test, the ratio test and the integral

test, are not applicable in a variety of sequences and series. Even where they apply,

they just determine convergence but not limit or sum of a convergent sequence or se-

ries respectively. Tauberian and Mecerian theorems in summability theory handles this

problem well. The convergence and even limit of a convergentsequence or series is

determined from the convergence of some transform of it together with a side condi-

tion, (Boos, 2000, pg. 167-204), (Hardy, 1948, pg. 148-177), (Powell and Shah, 1972,

pg. 75-92), (Maddox, 1980, pg. 65-80). Therefore the results obtained from this re-

search will find application in the development of Tauberianand Mercerian theorems

for theNörlund operator. In turn, this will find applications in diverse fields such as

integral transforms of Fourier analysis; in probability and statistics through such areas

involving central limit theorem, almost sure convergence,summation of random se-

ries, Markov series, (Boos, 2000, pg. 256-257). The eigenvalues and the spectrum of

a matrix also has numerous applications, for exapmle in solving a system of first order

differential equations. The system can be written in matrixform asy′ = Ay wherey is

a function oft. The solution is given byy= eλit whereλi are the eigenvalues ofA if it

is a diagonal matrix. If it is not diagonal then it is diagonalized and transformed i.e

y= Pw

y′ = Pw′

w′ = P−1APw

w= eλit

whereP is the diagonalization matrix andλi are the eigenvalues of the resulting di-

agonal matrix. Also, in Quantum mechanics, the HamiltonianH of some system is

given by an infinite matrixH = (hi j ), i, j = 1,2, · · · considered as an operator on some

infinite set of numbers . The possible energy values of the system are the eigenvalues

of H (usually relative toℓ2) and the main problem of pertubation theory is to estimate

these eigenvalues.
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1.5 Objectives

1.5.1 General Objective

To determine the spectrum of a class ofNörlund operators on sequence spacesc0 , c

andbv0

1.5.2 Specific objectives

1. To compute the spectrum of a class ofNörlund operators whenp0 = m, p1 =

p2 = p3 = p4 = · · ·= 0, m∈ R on sequence spacesc0 andc.

2. To compute the spectrum of a class ofNörlund operators whenp0 = p1 = p2 =

m, p3 = p4 = p5 · · ·= 0, m∈ R on sequence spacesc0.

3. To compute the spectrum of a class ofNörlund operators whenp0 = p1 = p2 =

m, p3 = p4 = p5 · · ·= 0, m∈ R on sequence spacesc.

4. To compute the spectrum of a class ofNörlund operators whenp0 = p1 = p2 =

m, p3 = p4 = p5 · · ·= 0, m∈ R on sequence spacesbv0.
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CHAPTER TWO

THE SPECTRUM OF A N
..
ORLUND OPERATOR B ON c0

2.1 Introduction

This chapter investigates the spectrum of the N ¨orlund operators I and B on the sequence

spacec0 by applying theorem 1.1.9.

2.2 The spectrum of I operator onc0

Theorem 2.2.1.The spectrum of I∈ B(c0) is the singleton set{1}.

Proof. I∈ B(c0) since lim
n→∞

ank = 0 for each fixedk, k= 0,1,2, . . . and

supn≥0{
∞
∑

k=0
|ank|}= 1< ∞,satisfying all the conditions in theorem 1.1.9.

Also ‖I‖c0
= ‖I ∗‖l1 = 1.

SupposeIx = λx, x 6= θ in c0 andλ ∈ C,

then

x0 = λx0

x1 = λx1

x2 = λx2
...

xn = λxn
...

,

solving the system givesλ = 1, henceλ = 1 is an eigen value ofI in c0.

I ∗ = IT = I , henceλ = 1 is an eigen value ofI ∗ in c0.

Solving the system(I − Iλ )x= y for x in terms ofy to get the matrix of(I − Iλ )−1 we

have



















1−λ 0 0 0 · · ·

0 1−λ 0 0 · · ·

0 0 1−λ 0 · · ·

0 0 0 1−λ · · ·
...





































x1

x2

x3

x4
...



















=



















y1

y2

y3

y4
...



















(2.2.1)

or
(1−λ )x0 = y0

(1−λ )x1 = y1

(1−λ )x2 = y2

(1−λ )x3 = y3
...

(2.2.2)
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which gives
x0 =

1
1−λ y0

x1 =
1

1−λ y1

x2 =
1

1−λ y2

x3 =
1

1−λ y3
...

(2.2.3)

this gives the matrix

(I − Iλ )−1 =



















1
1−λ 0 0 0 · · ·

0 1
1−λ 0 0 · · ·

0 0 1
1−λ 0 · · ·

0 0 0 1
1−λ · · ·

...



















(2.2.4)

The columns of this matrix are defined for all values ofλ 6= 1 and converges to zero

satisfying part (i) of Theorem 1.1.9. For the second part, supn≥0{
∞
∑

k=0
|ank|}=

1
1−λ < ∞

providedλ 6= 1, hence(I − Iλ )−1 ∈ B(c0) if λ ∈ C such thatλ 6= 1. Which implies

(I − Iλ )−1 /∈ B(c0) whenλ = 1.

2.3 The spectrum ofB operator on c0

Refer to matrix 1.1.13

Corollary 2.3.1. B∈ B(c0)

Proof. lim
n→∞

bnk = 0 for each fixedk, k= 0,1,2, . . . and

‖B‖= supn≥0{
∞
∑

k=0
|bnk|}= 1< ∞. Satisfying the conditions in theorem 1.1.9.

Lemma 2.3.2.Each bounded linear operator T: X →Y, where X= c0, ℓ1,c and Y=

c0, ℓp(1 ≤ p ≤ ∞), ℓ∞ determines and is determined by an infinite matrix of complex

numbers.

(Taylor, 1958, pg. 217 - 219)

2.3.1 The eigenvalues ofB∈ B(c0)

Theorem 2.3.3.B∈ B(c0) has no eigenvalues.
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Proof. Solving the systemBx= λx, x 6= θ in c0 andλ ∈ C, then























1 0 0 0 0 · · ·
1
2

1
2 0 0 0 · · ·

1
3

1
3

1
3 0 0 · · ·

0 1
3

1
3

1
3 0 · · ·

0 0 1
3

1
3

1
3 · · ·

· · ·













































x0

x1

x2

x3

x4
...























= λ























x0

x1

x2

x3

x4
...























(2.3.1)

which gives

x0 = λx0
1
2x0+

1
2x1 = λx1

1
3x0+

1
3x1+

1
3x2 = λx2

1
3x1+

1
3x2+

1
3x3 = λx3

...
1
3xn−2+

1
3xn−1+

1
3xn = λxn

...

(2.3.2)

Solving the equation, ifx0 is the first non zero entry ofx, thenλ = 1. Butλ = 1 implies

x0 = x1 = x2 = · · ·= xn = · · · , which shows thatx is in the span ofδ = (1,1,1,1, · · ·)

hence does not tend to zero asn tends to infinity. Thereforeλ = 1 is not an eigenvalue

of B ∈ B(c0). Whenx1 is the first non zero entry ofx, λ = 1
2. But λ = 1

2 implies

x0 = 0, x2 = 2x1, x3 = 6x1, x4 = 16x1, x5 = 44x1, · · · which shows thatx is spanned by

{0,1,2,6,16,44, · · ·} an increasing sequence hence does not tend to zero asn tends to

infinity. If xn+2 is the first non zero entry forn= 0,1,2,3, · · · , thenλ = 1
3, solving the

system givesxn = 0 for n= 0,1,2,3, · · · which is a cotradiction henceλ = 1
3 cannot be

an eigenvalue

2.3.2 The eigenvalues ofB∗ ∈ B(ℓ1)

Lemma 2.3.4.Let T : c0 → c0 be a linear map and define T∗ : ℓ1 → ℓ1 by T∗ ◦g=

g◦T, g∈ c∗0 = ℓ1 . Then T must be given by an infinite matrix of complex numbers and

moreover T∗ : ℓ1 → ℓ1 is the transposed matrix of T .

(Wilansky, 1984, pg. 266)

Corollary 2.3.5. Let B : c0 → c0, then B∗ = BT ∈ B(ℓ1)
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B∗ = BT =























1 1
2

1
3 0 0 · · ·

0 1
2

1
3

1
3 0 · · ·

0 0 1
3

1
3

1
3 · · ·

0 0 0 1
3

1
3 · · ·

0 0 0 0 1
3 · · ·

· · ·























(2.3.3)

‖B‖= ‖B∗‖= 1

Theorem 2.3.6.The eigenvalues of B∗ ∈ B(ℓ1) is the set{λ ∈ C :
∣

∣λ − 1
3

∣

∣< 1
3}∪{1}

Proof. Consider the systemB∗x= λx, x 6= θ in ℓ1 andλ ∈ C,























1 1
2

1
3 0 0 · · ·

0 1
2

1
3

1
3 0 · · ·

0 0 1
3

1
3

1
3 · · ·

0 0 0 1
3

1
3 · · ·

0 0 0 0 1
3 · · ·

· · ·













































x0

x1

x2

x3

x4
...























= λ























x0

x1

x2

x3

x4
...























(2.3.4)

or
x0+

1
2x1+

1
3x2 = λx0

1
2x1+

1
3x2+

1
3x3 = λx1

1
3x2+

1
3x3+

1
3x4 = λx2

1
3x3+

1
3x4+

1
3x5 = λx3

· · ·
1
3xn−2+

1
3xn−1+

1
3xn = λxn−2, f orn≥ 4

(2.3.5)

solving the system gives

x2 = 3(λ −1)x0−
3
2x1

x3 = 3(λ − 1
2)x1−x2

x4 = 3(λ − 1
3)x2−x3

x5 = 3(λ − 1
3)x3−x4

· · ·

xn = 3(λ − 1
3)xn−2−xn−1, n≥ 4

(2.3.6)
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i.e.

x4 = 3(λ − 1
3)x2−x3

x5 = 3(λ − 1
3)x3−x4

x6 = 32(λ − 1
3)

2x2−3(λ − 1
3)x3−x5

x7 = 32(λ − 1
3)

2x3−3(λ − 1
3)x4−x6

x8 = 33(λ − 1
3)

3x2−32(λ − 1
3)

2x3−3(λ − 1
3)x5−x7

x9 = 33(λ − 1
3)

3x3−32(λ − 1
3)

2x4−3(λ − 1
3)x6−x8

x10 = 34(λ − 1
3)

4x2−33(λ − 1
3)

3x3−32(λ − 1
3)

2x5−3(λ − 1
3)x7−x9

...

f orneven, xn = 3
n
2−1(λ − 1

3)
n
2−1x2−

n
2−2

∑
k=0

3k(λ − 1
3)

kxn−(2k+1)

f ornodd, xn = 3
n−1

2 −1(λ − 1
3)

n−1
2 −1x3−

n−1
2 −2

∑
k=0

3k(λ − 1
3)

kxn−(2k+1), n≥4

(2.3.7)

Each term is a geometric progression with common ratio,r = 3(λ − 1
3)

∞
∑

n=0
|xn|= |x0|+|x1|+|x2|+|x3|+

∞
∑

n= 4

neven

∣

∣

∣

∣

∣

3
n
2−1(λ − 1

3)
n
2−1x2−

n
2−2

∑
k=0

3k(λ − 1
3)

kxn−(2k+1)

∣

∣

∣

∣

∣

+
∞
∑

n= 5

nodd

∣

∣

∣

∣

∣

3
n−1

2 −1(λ − 1
3)

n−1
2 −1x3−

n−1
2 −2

∑
k=0

3k(λ − 1
3)

kxn−(2k+1)

∣

∣

∣

∣

∣

≤
3
∑

n=0
|xn|+

∞
∑

n= 4

neven

∣

∣3
n
2−1(λ − 1

3)
n
2−1x2

∣

∣+
∞
∑

n= 5

nodd

∣

∣

∣
3

n−1
2 −1(λ − 1

3)
n−1

2 −1x3

∣

∣

∣

+
∞
∑

n= 4

neven

n
2−2

∑
k=0

∣

∣3k(λ − 1
3)

kxn−(2k+1)

∣

∣+
∞
∑

n= 5

nodd

n−1
2 −2

∑
k=0

∣

∣3k(λ − 1
3)

kxn−(2k+1)

∣

∣

asn→ ∞, this is a geometric series with the common ratio,r = 3(λ − 1
3). This series

converges only if|r|< 1, that is
∣

∣3(λ − 1
3)
∣

∣= 3
∣

∣λ − 1
3

∣

∣< 1 or
∣

∣λ − 1
3

∣

∣< 1
3. λ = 1 is an

eigenvalue corresponding to the eigenvector,(x0, 0, 0, 0, . . .)T . Hence the eigenvalues

is the set{λ ∈ C :
∣

∣λ − 1
3

∣

∣< 1
3}∪{1}.
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2.3.3 The Spectrum ofB∈ B(c0)

Theorem 2.3.7.The inverse of an infinite lower triangular matrix

L=









































a0(0) 0 0 0 0 · · · 0 0 · · ·

a0(1) a1(0) 0 0 0 · · · 0 0 · · ·

a0(2) a1(1) a2(0) 0 0 · · · 0 0 · · ·

a0(3) a1(2) a2(1) a3(0) 0 · · · 0 0 · · ·

a0(4) a1(3) a2(2) a3(1) a4(0) · · · 0 0 · · ·
...

...
...

...
...

. . .
...

...
...

a0(m) a1(m−1) a2(m−2) a3(m−3) a4(m−4) · · · am(0) 0 · · ·

0 a1(m) a2(m−1) a3(m−2) a4(m−3) · · · am(1) am+1(0) · · ·
...

...
...

...
...

...
...

...
. . .









































is given by

L−1
nk =



















1
an(0)

, n= k
(−1)n−k

∏n
j=k a j (0)

D(k)
n−k(a[m]), (0≤ k≤ n−1), (n,k∈ N0)

0, (k> n)
where

D(k)
n−k(a[m]) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

ak(1) ak+1(0) 0 · · · 0 · · · 0

ak(2) ak+1(1) ak+2(0) · · · 0 · · · 0
...

...
...

...
...

...
...

ak(m) ak+1(m−1) ak+2(m−2) · · · am(0) · · · 0

0 ak+1(m) ak+2(m−1)
... am(1) · · · 0

...
...

...
...

...
. . .

...

0 0 0 0 0 · · · an+k−1(1)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

n≥ 1.

(Pinakadhar and Dutta, 2014).

Corollary 2.3.8. For matrix B, we haveB− Iλ =























1−λ 0 0 0 0 · · ·
1
2

1
2 −λ 0 0 0 · · ·

1
3

1
3

1
3 −λ 0 0 · · ·

0 1
3

1
3

1
3 −λ 0 · · ·

0 0 1
3

1
3

1
3 −λ · · ·

· · ·























,

(B−Iλ )−1isgivenby Mnk=



















1
ann

, n= k
(−1)n−k

∏n
j=k ann

D(k)
n−k, (0≤ k≤ n−1), (n,k∈ N0)

0, (k> n)

where
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D(k)
n−k =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a1k a1k+1 0 0 · · ·0

a2k a2k+1 a2k+2 0 · · ·0

0 a3k+1 a3k+2 a3k+3 0
... 0

. . . . . .
...

0
...

. . . . . . . . . an,n+k−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

for k=0, D(0)
1 = |a10|=

1
2

D(0)
2 =

∣

∣

∣

∣

∣

1
2

1
2 −λ

1
3

1
3

∣

∣

∣

∣

∣

D(0)
3 =

∣

∣

∣

∣

∣

∣

∣

1
2

1
2 −λ 0

1
3

1
3

1
3 −λ

0 1
3

1
3

∣

∣

∣

∣

∣

∣

∣

....

D(0)
n =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1
2

1
2 −λ 0 0 · · · 0

1
3

1
3

1
3 −λ 0 · · · 0

0 1
3

1
3

1
3 −λ · · · 0

0 0 1
3

1
3 · · · 0

...
...

...
...

. . . 0

0 0 0 · · · 1
3

1
3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

, which is an n×n tridiagonal matrix.

for k ≥ 1, D(k)
n−k =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1
3

1
3 −λ 0 · · · 0

1
3

1
3

1
3 −λ · · · 0

0 1
3

1
3 · · · 0

...
...

...
. . . 0

0 0 · · · 1
3

1
3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

, this is an n− k× n− k tridiagonal

matrix.

The determinant of this tridiagonal matrix is given by,

detB(n) = 1
3 detB(n−1)− 1

3

(1
3 −λ

)

detB(n−2)

Substituting gives matrixM as,

M =



























1
1−λ 0 0 0 0 · · ·
−1

2(1−λ )( 1
2−λ )

1
1
2−λ

0 0 0 · · ·

{1
2−( 1

2−λ )}
3(1−λ )( 1

2−λ )( 1
3−λ )

−1
3( 1

2−λ )( 1
3−λ )

1
1
3−λ

0 0 · · ·

−{1
2(1−(1−3λ ))−( 1

2−λ )
32(1−λ )( 1

2−λ )( 1
3−λ )2

(1−(1−3λ )
32( 1

2−λ )( 1
3−λ )2

−1
3( 1

3−λ )2
1

1
3−λ

0 · · ·

...
...

...
...

... · · ·



























(2.3.8)
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for k= 0, m00 =
1

1−λ , mn0 =
(−1)n

(1−λ )( 1
2−λ )( 1

3−λ )n−1 D(0)
n =

(−1)n( 1
3D(0)

n−1−
1
3(

1
3−λ )D0

n−2)

(1−λ )( 1
2−λ )( 1

3−λ )n−1 ,

for k= 1, m11=
1

1
2−λ

, mn1 =
(−1)n−1

( 1
2−λ )( 1

3−λ )n−1D(1)
n−1 =

(−1)n−1( 1
3D(1)

n−2−
1
3(

1
3−λ )D(1)

n−3)

( 1
2−λ )( 1

3−λ )n−1

for k≥ 2, mnn =
1

1
3−λ , mnk =

(−1)n−k

( 1
3−λ )n−k+1D(k)

n−k =
(−1)n−k( 1

3D(k)
n−k−1−

1
3(

1
3−λ )D(k)

n−k−2)

( 1
3−λ )n−k+1

Theorem 2.3.9.The spectrumσ(B) of B∈B(c0) is the set{λ ∈C :
∣

∣λ − 1
3

∣

∣≤ 1
3}∪{1}

Proof. We show that(B− Iλ )−1 ∈ B(c0) for all λ ∈ C such that
∣

∣λ − 1
3

∣

∣> 1
3

for k= 0, D(0)
1 = 1

2

D(0)
2 = 1

2(1
3)− (1

2 −λ )1
3 = 1

3{
1
2 − (1

2 −λ )}
D(0)

3 = 1
32{

1
2 −

1
2(1−3λ )− (1

2 −λ )}= 1
32{

1
2(1− (1−3λ ))− (1

2−λ )}
D(0)

4 = 1
33{

1
2 −

2
2(1−3λ )− (1

2 −λ )− (1
2 −λ )(1−3λ )}

= 1
33{

1
2(1−2(1−3λ ))− (1

2−λ )(1− (1−3λ ))}
D(0)

5 = 1
34{

1
2 −

3
2(1−3λ )+ 1

2(1−3λ )2− (1
2 −λ )+2(1

2 −λ )(1−3λ )}
= 1

34{
1
2(1−3(1−3λ )+(1−3λ )2)− (1

2 −λ )(1+2(1−3λ )}

D(0)
n = 1

3n−1

{

1
2

(

n
2−1

∑
k=0

ak(1−3λ )k

)

− (1
2 −λ )

(

n
2−1

∑
k=0

bk(1−3λ )k

)}

when n is even,

and

D(0)
n = 1

3n−1

{

1
2

(

n−1
2

∑
k=0

ak(1−3λ )k

)

− (1
2 −λ )

(

n−1
2

∑
k=0

bk−1(1−3λ )k−1

)}

when n is odd,

whereak′s andbk′s are integers.

Hence thenth row is given by

mn0 =
(−1)n

(1−λ )( 1
2−λ )( 1

3−λ )n−1 D(0)
n =

(−1)n
{

1
2

( n
2−1

∑
k=0

ak(1−3λ )k
)

−( 1
2−λ )

( n
2−1

∑
k=0

bk(1−3λ )k
)}

3n−1(1−λ )( 1
2−λ )( 1

3−λ )n−1 ,

whenn is even, and

mn0 =
(−1)n

(1−λ )( 1
2−λ )( 1

3−λ )n−1 D(0)
n =

(−1)n







1
2





n−1
2
∑

k=0
ak(1−3λ )k



−( 1
2−λ )





n−1
2
∑

k=0
bk−1(1−3λ )k−1











3n−1(1−λ )( 1
2−λ )( 1

3−λ )n−1 ,

when n is odd.

As n → ∞, the columsmno → 0 only if the denominator tends to infinity, and the

denominator tends to infinity provided
∣

∣3(1
3 −λ )

∣

∣> 1.

Similarly for k= 1, the denominator is given by 3n−1(1
2−λ )(1

3−λ )n−1which tends to

infinity provided
∣

∣3(1
3 −λ )

∣

∣> 1 or
∣

∣

1
3 −λ

∣

∣> 1
3

Similarly for k ≥ 2,the denominator is given by 3n−k(1
3 −λ )n−k+1which tends to in-

finity provided
∣

∣3(1
3 −λ )

∣

∣> 1 or
∣

∣

1
3 −λ

∣

∣> 1
3, which satisfies condition (i) of theorem

1.1.9

Summing the entries of the matrix 2.3.8 along thenth row, we have
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∞
∑

k=0
|mnk|=

∣

∣

∣

∣

(−1)nD(0)
n

(1−λ )( 1
2−λ )( 1

3−λ )n−1

∣

∣

∣

∣

+

∣

∣

∣

∣

(−1)n−1D(1)
n−1

( 1
2−λ )( 1

3−λ )n−1

∣

∣

∣

∣

+
∞

∑
k=2

∣

∣

∣

∣

∣

(−1)n−k(1
3D(k)

n−k−1−
1
3(

1
3 −λ )D(k)

n−k−2)

(1
3 −λ )n−k+1

∣

∣

∣

∣

∣

= sn (2.3.9)

say forn ≥ 0. supn{sn} ≤ K < ∞, providedλ ∈ C such that
∣

∣

1
3 −λ

∣

∣ > 1
3, since the

columns are tending to zero asn tends to infinity. Which deals with condition (ii) of

theorem 1.1.9.

Therefore(B− Iλ )−1 ∈ B(c0) if λ ∈ C such that
∣

∣

1
3 −λ

∣

∣> 1
3 . Which implies

(B− Iλ )−1 /∈ B(c0) if λ ∈ C such that
∣

∣

1
3 −λ

∣

∣≤ 1
3. Clearly, whenλ = 1, column 1 is

infinite therefore the inverse does not exist. Henceσ(B)={λ ∈C :
∣

∣λ − 1
3

∣

∣≤ 1
3}∪{1}.

2.3.4 The spectrum ofB∗ ∈ B(ℓ1)

Theorem 2.3.10.The inverse of an infinite upper triangular matrix

U =







































a0(0) a0(1) a0(2) a0(3) a0(4) · · · a0(m) 0 · · ·

0 a1(0) a1(1) a1(2) a1(3) · · · a1(m−1) a1(m) · · ·

0 0 a2(0) a2(1) a2(2) · · · a2(m−2) a2(m−1) · · ·

0 0 0 a3(0) a3(1) · · · a3(m−3) a3(m−2) · · ·

0 0 0 0 a4(0) · · · a4(m−4) a4(m−3) · · ·
...

...
...

...
...

. . .
...

...
...

0 0 0 0 0 · · · am(0) am(1) · · ·

0 0 0 0 0 · · · 0 am+1(0) · · ·
...

...
...

...
...

...
...

...
. . .







































is given by

U−1
nk =



















1
an(0)

, (n= k)
(−1)k−n

∏k
j=n a j (0)

D(n)
k−n(a[m]), (0≤ n≤ k−1), (n,k∈ N0)

0, (n> k)
where

D(n)
n (a[m]) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

a0(1) a0(2) a0(3) · · · a0(m−1) · · · a0(n)

a1(0) a1(1) a1(2) · · · a1(m−2) · · · a1(n−1)
...

. . . . . . . . .
...

...
...

0 · · · am(0) am(1) am(2) · · · am(n−m)

0 · · · 0 am+1(0) am+1(1) · · · am+1(n−m−1)
...

...
...

...
. . .

...
...

0 0 0 0 · · · an−1(0) an−1(1)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

,
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n≥ 1.

(Pinakadhar and Dutta, 2014).

Corollary 2.3.11. For matrix B∗, we have

B∗− Iλ =























1−λ 1
2

1
3 0 0 · · ·

0 1
2 −λ 1

3
1
3 0 · · ·

0 0 1
3 −λ 1

3
1
3 · · ·

0 0 0 1
3 −λ 1

3 · · ·

0 0 0 0 1
3 −λ · · ·

· · ·























(2.3.10)

(B∗− Iλ )−1 is given by

Unk =



















1
ann

, n= k
(−1)k−n

∏k
j=n ann

D(n)
k−n, (0≤ n≤ k−1), (n,k∈ N0)

0, (n> k)

(2.3.11)

where

D(n)
n =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1
2

1
3 0 0 · · · 0

1
2 −λ 1

3
1
3 0 · · · 0

0 1
3 −λ 1

3
1
3 · · · 0

0 0 1
3 −λ 1

3 · · · 0

0 0 0 1
3 −λ · · ·

· · ·
... 1

3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

for n= 0, D(0)
1 =

∣

∣

1
2

∣

∣

D(0)
2 =

∣

∣

∣

∣

∣

1
2

1
3

1
2 −λ 1

3

∣

∣

∣

∣

∣

D(0)
3 =

∣

∣

∣

∣

∣

∣

∣

1
2

1
3 0

1
2 −λ 1

3
1
3

0 1
3 −λ 1

3

∣

∣

∣

∣

∣

∣

∣

....

D(0)
n =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1
2

1
3 0 0 · · · 0

1
2 −λ 1

3
1
3 0 · · · 0

0 1
3 −λ 1

3
1
3 · · · 0

0 0 1
3 −λ 1

3 · · · 0

0 0 0 1
3 −λ · · ·

· · ·
... 1

3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

, which is an n×n tridiagonal ma-
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trix.

this gives, D(0)k = 1
3D(0)

k−1−
1
3(

1
3 −λ )D0

k−2 and

for n≥ 1, D(n)
k−n =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1
3

1
3 0 · · · 0

1
3 −λ 1

3
1
3 · · · 0

0 1
3 −λ 1

3 · · · 0

0 0 1
3 −λ · · ·

· · ·
... 1

3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

,

this is ank−n×k−n tridiagonal matrix.

Or D(n)
k−n =

1
3D(n)

k−n−1−
1
3(

1
3 −λ )D(n)

k−n−2.

so that,

U =





























1
1−λ

−1
2(1−λ )( 1

2−λ )
{1

2−( 1
2−λ )}

3(1−λ )( 1
2−λ )( 1

3−λ )
−{1

2(1−(1−3λ ))−( 1
2−λ )

32(1−λ )( 1
2−λ )( 1

3−λ )2 · · ·

0 1
1
2−λ

−1
3( 1

2−λ )( 1
3−λ )

(1−(1−3λ )
32( 1

2−λ )( 1
3−λ )2

· · ·

0 0 1
1
3−λ

−1
3( 1

3−λ )2 · · ·

0 0 1
1
3−λ

· · ·

...
...

...
... · · ·





























(2.3.12)

for n= 0, u00 =
1

1−λ , u0k =
(−1)k

(1−λ )( 1
2−λ )( 1

3−λ )k−1D(0)
k =

(−1)k( 1
3D(0)

k−1−
1
3(

1
3−λ )D0

k−2)

(1−λ )( 1
2−λ )( 1

3−λ )k−1 ,

for n= 1, u11 =
1

1
2−λ , u1k =

(−1)k−1

( 1
2−λ )( 1

3−λ )n−1 D(1)
k−1 =

(−1)k−1( 1
3D(1)

k−2−
1
3(

1
3−λ )D(1)

k−3)

( 1
2−λ )( 1

3−λ )n−1

for n≥ 2, unn =
1

1
3−λ

, unk =
(−1)k−n

( 1
3−λ )k−n+1 D(n)

k−n =
(−1)k−n( 1

3D(n)
k−n−1−

1
3(

1
3−λ )D(n)

k−n−2)

( 1
3−λ )k−n+1

Remark2.3.12. For an infinite matrixA, the inverse ofATequals the transpose ofA−1,

i.e
(

AT
)−1

=
(

A−1
)T

Theorem 2.3.13.The spectrumσ(B∗) of B∗ ∈ B(ℓ1) is the set

{λ ∈ C :
∣

∣λ − 1
3

∣

∣≤ 1
3}∪{1}

Proof. Applying theorem 1.1.10,we show that(B∗− Iλ )−1 ∈ B(ℓ1) for all λ ∈ C such

that
∣

∣λ − 1
3

∣

∣> 1
3

Summing the entries of the matrix along thekth column, we have
∞
∑

n=0
|unk|=

∣

∣

∣

∣

(−1)kD(0)
k

(1−λ )( 1
2−λ )( 1

3−λ )n−1

∣

∣

∣

∣

+

∣

∣

∣

∣

(−1)k−1D(1)
k−1

( 1
2−λ )( 1

3−λ )n−1

∣

∣

∣

∣

+
∞
∑

n=2

∣

∣

∣

∣

(−1)k−n(D(n)
k−n)

( 1
3−λ )k−n+1

∣

∣

∣

∣
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∞
∑

n=0
|unk|=

∣

∣

∣

∣

D(0)
k

(1−λ )( 1
2−λ )( 1

3−λ )n−1

∣

∣

∣

∣

+

∣

∣

∣

∣

D(1)
k−1

( 1
2−λ )( 1

3−λ )n−1

∣

∣

∣

∣

+
∞
∑

n=2

∣

∣

∣

∣

D(n)
k−n

( 1
3−λ )k−n+1

∣

∣

∣

∣

The first term and the second term are finite providedλ 6= 1, 1
2

1
3, we show that

∞
∑

n=2

∣

∣

∣

∣

D(n)
k−n

( 1
3−λ )k−n+1

∣

∣

∣

∣

< ∞ for all λ ∈ C such that
∣

∣λ − 1
3

∣

∣> 1
3

D(n)
1 = 1

3

D(n)
2 = 1

3(1
3)− (1

3 −λ )1
3 = 1

32 −
1
3(

1
3 −λ )

D(n)
3 = 1

32{
1
3 − (1

3 −λ )− (1
3 −λ )}= 1

33 −
2
32 (

1
3 −λ )

D(n)
4 = 1

3{
1
32{

1
3 −2(1

3 −λ )}}− 1
3

(1
3 −λ

){1
3{

1
3 − (1

3 −λ )}
}

= 1
34 −

3
33 (

1
3 −λ )+ 1

32 (
1
3 −λ )2

D(n)
5 = 1

3

{

1
34 −

3
33 (

1
3 −λ )+ 1

32 (
1
3 −λ )2

}

− 1
3

(1
3 −λ

)

{

1
33 −

2
32 (

1
3 −λ )

}

= 1
35 −

4
34

(1
3 −λ

)

+ 3
33 (

1
3 −λ )2

...

D(n)
k−n =

1
3k−n −

a1

3k−n−1

(

1
3
−λ

)

+
a2

3k−n−2(
1
3
−λ )2−

a3

3k−n−3(
1
3
−λ )3+ · · ·

(−1)m am

3k−n−m

(

1
3
−λ

)m

, m= 1,2· · · 1
2(k−n)−1, if k−n is even andm= 1,2· · · 1

2(k−n−1)−1, otherwise.

Hence|unk|=

∣

∣

∣

∣

D(n)
k−n

( 1
3−λ )k−n+1

∣

∣

∣

∣

=
∣

∣

∣

1
3k−n( 1

3−λ)k−n+1 −
a1

3k−n−1( 1
3−λ)k−n +

a2

3k−n−2( 1
3−λ)k−n−1 −

a3

3k−n−3( 1
3−λ)k−n−2 + · · ·(−1)m am

3k−n−m( 1
3−λ)k−n−m+1

∣

∣

∣

asn → ∞, |unk| → 0 if the denominator is tending to infinity, i.e 3
∣

∣

1
3 −λ

∣

∣ > 1 or
∣

∣

1
3 −λ

∣

∣> 1
3. Hence

∞
∑

n=0
|unk|< ∞ for each fixedk all

∣

∣

1
3 −λ

∣

∣> 1
3 . Which proves part

(i) of theorem 1.1.10

Again summing the entries of the matrix along thekth column, we have

∞

∑
n=0

|unk|=

∣

∣

∣

∣

∣

(−1)kD(0)
k

(1−λ )(1
2 −λ )(1

3 −λ )n−1

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

(−1)k−1D(1)
k−1

(1
2 −λ )(1

3 −λ )n−1

∣

∣

∣

∣

∣

+
∞

∑
n=2

∣

∣

∣

∣

∣

(−1)k−n(D(n)
k−n)

(1
3 −λ )k−n+1

∣

∣

∣

∣

∣

(2.3.13)

equation 2.3.13 equals equation 2.3.9 , hence supk{
∞
∑

n=0
|unk|}<∞ providedλ ∈C such

that
∣

∣

1
3 −λ

∣

∣> 1
3 . which proves condition (ii) of theorem 1.1.10. ThereforeB∗ /∈B(ℓ1),

provided{λ ∈ C :
∣

∣λ − 1
3

∣

∣≤ 1
3}∪{1}.
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CHAPTER THREE

THE SPECTRUM OF A N
..
ORLUND OPERATOR B ON c

3.1 Introduction

This chapter determines the spectrum of a N ¨orlund matrixB as an operator on the se-

quence spacec applying theorem 1.1.7.

3.2 The spectrum of I operator onc

Theorem 3.2.1.The spectrum of I∈ B(c) is the singleton set{1}

Proof. I∈ B(c) since

1. lim
n→∞

ink = 0 for each fixedk, k= 0,1,2, . . .

2. lim
n→∞

∞
∑

k=0
ink = 1 asn→ ∞

3. supn≥0{
∞
∑

k=0
|ink|}= 1< ∞.

Also ‖I‖c = ‖I ∗‖l1 = 1.

supposeIx = λx, x 6= θ in c andλ ∈ C, then

x0 = λx0

x1 = λx1

x2 = λx2
...

xn = λxn
...

(3.2.1)

solving equation 3.2.1 givesλ = 1, henceλ = 1 is an eigen value ofI in c.

I ∗ = I , henceλ = 1 is an eigen value ofI ∗ in c.

Solving the system(I − Iλ )x= y for x in terms ofy to get the matrix of(I − Iλ )−1 we

have


















1−λ 0 0 0 · · ·

0 1−λ 0 0 · · ·

0 0 1−λ 0 · · ·

0 0 0 1−λ · · ·
...





































x1

x2

x3

x4
...



















=



















y1

y2

y3

y4
...



















(3.2.2)
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or
(1−λ )x0 = y0

(1−λ )x1 = y1

(1−λ )x2 = y2

(1−λ )x3 = y3
...

(3.2.3)

therefore
x0 =

1
1−λ y0

x1 =
1

1−λ y1

x2 =
1

1−λ y2

x3 =
1

1−λ y3
...

(3.2.4)

this gives the matrix

(I − Iλ )−1 =



















1
1−λ 0 0 0 · · ·

0 1
1−λ 0 0 · · ·

0 0 1
1−λ 0 · · ·

0 0 0 1
1−λ · · ·

...



















(3.2.5)

The columns of this matrix are defined for all values ofλ 6= 1 and converges to zero

satisfying part (i) of theorem 1.1.7 for the second part, supn≥0{
∞
∑

k=0
|ink|} = 1

1−λ < ∞

providedλ 6= 1, hence(I − Iλ )−1 ∈ B(c) if λ ∈ C such thatλ 6= 1. Which implies

(I − Iλ )−1 /∈ B(c) whenλ = 1.

3.3 The spectrum ofB operator on c

The matrixB=























1 0 0 0 0 · · ·
1
2

1
2 0 0 0 · · ·

1
3

1
3

1
3 0 0 · · ·

0 1
3

1
3

1
3 0 · · ·

0 0 1
3

1
3

1
3 · · ·

· · ·























Corollary 3.3.1. B∈ B(c)

1. lim
n→∞

bnk = 0 for each fixedk, k= 0,1,2, . . .
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2. lim
n→∞

∞
∑

k=0
bnk = 1 asn→ ∞

3. ‖A‖= supn≥0{
∞
∑

k=0
|bnk|}= 1< ∞

Theorem 3.3.2.The eigenvalue of B∈ B(c) is the singleton set{1}.

Proof. Solving the systemBx= λx, x 6= θ in c andλ ∈ C, then























1 0 0 0 0 · · ·
1
2

1
2 0 0 0 · · ·

1
3

1
3

1
3 0 0 · · ·

0 1
3

1
3

1
3 0 · · ·

0 0 1
3

1
3

1
3 · · ·

· · ·













































x0

x1

x2

x3

x4
...























= λ























x0

x1

x2

x3

x4
...























(3.3.1)

which gives
x0 = λx0

1
2x0+

1
2x1 = λx1

1
3x0+

1
3x1+

1
3x2 = λx2

1
3x1+

1
3x2+

1
3x3 = λx3

...
1
3xn−2+

1
3xn−1+

1
3xn = λxn

...

(3.3.2)

Solving 3.3.2, we have ifx0 is the first non zero entry ofx, thenλ = 1. But λ =

1 impliesx0 = x1 = x2 = · · · = xn = · · · , which shows thatx is in the span ofδ =

(1,1,1,1, · · ·) which tends to 1 asn tends to infinity. Thereforeλ = 1 is an eigenvalue

of B ∈ B(c). Whenx1 is the first non zero entry ofx, λ = 1
2. But λ = 1

2 implies

x0 = 0, x2 = 2x1, x3 = 6x1, x4 = 16x1, x5 = 44x1, · · · which shows thatx is spanned

by {0,1,2,6,16,44, · · ·} an increasing sequence which is not bounded above, hence

does not converge asn tends to infinity. Ifxn+2 is the first non zero entry forn =

0,1,2,3, · · · , thenλ = 1
3, solving the system givesxn = 0 for n= 0,1,2,3, · · · which

is a contradiction henceλ = 1
3 cannot be an eigenvalue.

Theorem 3.3.3.Let T : c→ c be a linear map and define T∗ : c∗→ c∗ i,e T∗ : ℓ1→ ℓ1by

T∗ (g) = g◦T, g∈ c∗ ≡ ℓ1. Then both T and T∗must be given by a matrix. Moreover

T∗ : ℓ1 → ℓ1is given by the matrix,

A∗ = T∗ =

(

χ (lim A) (vn)
∞
0

(ak)
∞
0 At

)

(3.3.3)
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=



















χ (lim A) v0 v1 v2 · · ·

a0 a00 a10 a20 · · ·

a1 a01 a11 a21 · · ·

a2 a02 a12 a22 · · ·
...

...
...

... · · ·



















(3.3.4)

, where

χ (lim A) = limA(δ )−
∞
∑

k=0
limAδ k

vn = χ(Pn◦T)

and

ak = lim
n→∞

ank

(3.3.5)

(Wilansky, 1984. pg. 267).

Corollary 3.3.4. Let B: c→ c. Then B∗ ∈ B(ℓ1) and

B∗ =























1 0 0 0 0 · · ·

0 1 1
2

1
3 0 · · ·

0 0 1
2

1
3

1
3 · · ·

0 0 0 1
3

1
3 · · ·

0 0 0 0 1
3 · · ·

· · ·























(3.3.6)

Proof. By Theorem 3.3.3

B∗ = T∗ =

(

χ (lim B) (vn)
∞
0

(bk)
∞
0 Bt

)

(3.3.7)

whereχ (lim B) = limB(δ )−
∞
∑

k=0
limBδ k is called the characteristic of a matrixB

δ = {1,1,1,1, . . .}, limB(δ ) = 1 andδ k = {0,0,0,0, . . . ,1,0,0. . .}, having zeros

with 1 in thekth position, limBδ k = 0 and∑ limBδ k = 0. Henceχ (lim B) = 1−0= 1.

vn = χ(Pn ◦T) = (Pn ◦T)δ−
∞
∑

k=0
(Pn◦T)δ k but for matrixB, (Pn◦T)δ = 1, ∀n and

∞
∑

k=0
(Pn◦T)δ k = 1 i.e
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v0 = 1− (1+0+0+0+ · · ·) = 1−1= 0

v1 = 1−
(

1
2 +

1
2 +0+0+ · · ·

)

= 1−1= 0

v2 = 1−
(

1
3 +

1
3 +

1
3 +0+ · · ·

)

= 1−1= 0

v3 = 1−
(

0+ 1
3 +

1
3 +

1
3 +0+0· · ·

)

= 1−1= 0
...

vn = 0, n≥ 0

(3.3.8)

hence the matrix becomes
(

1 θ
θ BT

)

(3.3.9)

Theorem 3.3.5.The eigenvalues of B∗ ∈ B(ℓ1) is the set{λ ∈ C :
∣

∣λ − 1
3

∣

∣< 1
3}

Proof. Consider the systemB∗x= λx, x 6= θ in ℓ1 andλ ∈ C,



























1 0 0 0 0 0 · · ·

0 1 1
2

1
3 0 0 · · ·

0 0 1
2

1
3

1
3 0 · · ·

0 0 0 1
3

1
3

1
3 · · ·

0 0 0 0 1
3

1
3 · · ·

0 0 0 0 0 1
3 · · ·

· · ·























































x0

x1

x2

x3

x4

x5
...





























= λ





























x0

x1

x2

x3

x4

x5
...





























(3.3.10)

which gives

x0 = λx0

x1+
1
2x2+

1
3x3 = λx1

1
2x2+

1
3x3+

1
3x4 = λx2

1
3x3+

1
3x4+

1
3x5 = λx3

1
3x4+

1
3x5+

1
3x6 = λx4

· · ·
1
3xn−2+

1
3xn−1+

1
3xn = λxn−2, f orn≥ 5

(3.3.11)
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solving the system, we have

x3 = 3(λ −1)x1−
3
2x2

x4 = 3(λ − 1
2)x2−x3

x5 = 3(λ − 1
3)x3−x4

x6 = 3(λ − 1
3)x4−x5

· · ·

xn = 3(λ − 1
3)xn−2−xn−1, n≥ 5

(3.3.12)

which gives

x5 = 3(λ − 1
3)x3−x4

x6 = 3(λ − 1
3)x4−x5

x7 = 32(λ − 1
3)

2x3−3(λ − 1
3)x4−x6

x8 = 32(λ − 1
3)

2x4−3(λ − 1
3)x5−x7

x9 = 33(λ − 1
3)

3x3−32(λ − 1
3)

2x4−3(λ − 1
3)x6−x8

x10 = 33(λ − 1
3)

3x4−32(λ − 1
3)

2x5−3(λ − 1
3)x7−x9

x11 = 34(λ − 1
3)

4x3−33(λ − 1
3)

3x4−32(λ − 1
3)

2x6−3(λ − 1
3)x8−x10

...

f orneven, xn = 3
n
2−2(λ − 1

3)
n
2−2x4−

n
2−3

∑
k=0

3k(λ − 1
3)

kxn−(2k+1) n≥ 6

f ornodd, xn = 3
n−1

2 −1(λ − 1
3)

n−1
2 −1x3−

n−1
2 −2

∑
k=0

3k(λ − 1
3)

kxn−(2k+1), n≥ 5

(3.3.13)

Each term is a geometric progression with common ratio,r = 3(λ − 1
3)
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∞

∑
n=0

|xn|= |x0|+ |x1|+ |x2|+ |x3|+ |x4|

+
∞

∑
n= 6

neven

∣

∣

∣

∣

∣

3
n
2−2(λ −

1
3
)

n
2−2x4−

n
2−3

∑
k=0

3k(λ −
1
3
)kxn−(2k+1)

∣

∣

∣

∣

∣

+
∞

∑
n= 5

nodd

∣

∣

∣

∣

∣

∣

3
n−1

2 −1(λ −
1
3
)

n−1
2 −1x3−

n−1
2 −2

∑
k=0

3k(λ −
1
3
)kxn−(2k+1)

∣

∣

∣

∣

∣

∣

≤
4

∑
n=0

|xn|+
∞

∑
n= 6

neven

∣

∣

∣

∣

3
n
2−2(λ −

1
3
)

n
2−2x2

∣

∣

∣

∣

+
∞

∑
n= 5

nodd

∣

∣

∣

∣

3
n−1

2 −1(λ −
1
3
)

n−1
2 −1x3

∣

∣

∣

∣

+
∞

∑
n= 6

neven

n
2−3

∑
k=0

∣

∣

∣

∣

3k(λ −
1
3
)kxn−(2k+1)

∣

∣

∣

∣

+
∞

∑
n= 5

nodd

n−1
2 −2

∑
k=0

∣

∣

∣

∣

3k(λ −
1
3
)kxn−(2k+1)

∣

∣

∣

∣

asn → ∞, this is a geometric series with the common ratio,r = 3(λ − 1
3). The

series converges only if|r|< 1, that is
∣

∣3(λ − 1
3)
∣

∣= 3
∣

∣λ − 1
3

∣

∣< 1 or
∣

∣λ − 1
3

∣

∣< 1
3.

For matrix B, we haveB− Iλ =























1−λ 0 0 0 0 · · ·
1
2

1
2 −λ 0 0 0 · · ·

1
3

1
3

1
3 −λ 0 0 · · ·

0 1
3

1
3

1
3 −λ 0 · · ·

0 0 1
3

1
3

1
3 −λ · · ·

· · ·























,

M = (B− Iλ )−1 is given by

mnk =



















1
ann

, n= k
(−1)n−k

∏n
j=k ann

D(k)
n−k, (0≤ k≤ n−1), (n,k∈ N0)

0, (k> n)

(3.3.14)
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This gives matrixM as in 2.3.8

Direct calculations confirms that(B− Iλ )M = M (B− Iλ ) = I i.e

(B− Iλ )M =























1−λ 0 0 0 0 · · ·
1
2

1
2 −λ 0 0 0 · · ·

1
3

1
3

1
3 −λ 0 0 · · ·

0 1
3

1
3

1
3 −λ 0 · · ·

0 0 1
3

1
3

1
3 −λ · · ·

· · ·























∗



























1
1−λ 0 0 0 0 · · ·
−1

2(1−λ )( 1
2−λ )

1
1
2−λ 0 0 0 · · ·

{1
2−( 1

2−λ )}
3(1−λ )( 1

2−λ )( 1
3−λ )

−1
3( 1

2−λ )( 1
3−λ )

1
1
3−λ 0 0 · · ·

−{1
2(1−(1−3λ ))−( 1

2−λ )
32(1−λ )( 1

2−λ )( 1
3−λ )2

(1−(1−3λ )
32( 1

2−λ )( 1
3−λ )2

−1
3( 1

3−λ )2
1

1
3−λ 0 · · ·

...
...

...
...

... · · ·



























in row 0 column 0, we have(1−λ )( 1
1−λ ) = 1, the other row elements are zeros

Row 1 column 0, we have12(
1

1−λ )−
(1

2 −λ
)

(

1
2(1−λ )( 1

2−λ )

)

= 0 and

Row 1 column 1,(1
2 −λ )( 1

1
2−λ ) = 1, the other row elements are zeros

...

row n,
(

0 · · · 0 1
3

1
3

1
3 −λ 0 · · ·

)

with non zero entries whenk= n−2, n−

1, n

hence row n column 0 gives

(

0 · · · 0 1
3

1
3

1
3 −λ 0 · · ·

)









































1
1−λ
−1

2(1−λ )( 1
2−λ )

{1
2−( 1

2−λ )}
3(1−λ )( 1

2−λ )( 1
3−λ )

...
(−1)n−2

(1−λ )( 1
2−λ )( 1

3−λ )n−3D(0)
n−2

(−1)n−1

(1−λ )( 1
2−λ )( 1

3−λ )n−2D(0)
n−1

(−1)n

(1−λ )( 1
2−λ )( 1

3−λ )n−1 D(0)
n

...









































(3.3.15)

w.l.o.g suppose n is even then,
D(0)

n−2

3(1−λ )( 1
2−λ )( 1

3−λ )n−3 −
D(0)

n−1

3(1−λ )( 1
2−λ )( 1

3−λ )n−2 +
(1

3−λ)D(0)
n

(1−λ )( 1
2−λ )( 1

3−λ )n−1 =
( 1

3−λ)D(0)
n−2−D(0)

n−1+3D(0)
n

3(1−λ )( 1
2−λ )( 1

3−λ )n−2
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=
(1

3−λ)D(0)
n−2−D(0)

n−1+3( 1
3D(0)

n−1−
1
3(

1
3−λ )D0

n−2)

3(1−λ )( 1
2−λ )( 1

3−λ )n−2

=
( 1

3−λ)D(0)
n−2−D(0)

n−1+D(0)
n−1−( 1

3−λ )D0
n−2)

3(1−λ )( 1
2−λ )( 1

3−λ )n−2 = 0 for all n≥ 1.

Similarly, row n column 1 we have

(

0 · · · 0 1
3

1
3

1
3 −λ 0 · · ·

)









































0
1

1
2−λ
−1

3( 1
2−λ )( 1

3−λ )
...

(−1)n−3

( 1
2−λ )( 1

3−λ )n−3D(1)
n−3

(−1)n−2

( 1
2−λ )( 1

3−λ )n−2D(1)
n−2

(−1)n−1

( 1
2−λ )( 1

3−λ )n−1D(1)
n−1

...









































(3.3.16)

w.l.o.g suppose n is even then,
D(1)

n−3

3( 1
2−λ )( 1

3−λ )n−3 −
D(1)

n−2

3( 1
2−λ )( 1

3−λ )n−2 +
( 1

3−λ)D(1)
n−1

( 1
2−λ )( 1

3−λ )n−1 =
(1

3−λ)D(1)
n−3−D(1)

n−2+3D(1)
n−1

3( 1
2−λ )( 1

3−λ )n−2

=
(1

3−λ)D(1)
n−3−D(1)

n−2+3( 1
3D(1)

n−2−
1
3(

1
3−λ )D(1)

n−3)

3( 1
2−λ )( 1

3−λ )n−2

=
(1

3−λ)D(1)
n−3−D(1)

n−2+D(1)
n−2−( 1

3−λ )D1
n−3)

3( 1
2−λ )( 1

3−λ )n−2 = 0 for all n≥ 2,

row n column k, 2≤ k< n,

(

0 · · · 0 1
3

1
3

1
3 −λ 0 · · ·

)







































0

0
1

1
3−λ

...
(−1)n−k−2

( 1
3−λ )n−k−1 D(k)

n−k−2

(−1)n−k−1

( 1
3−λ )n−k D(k)

n−k−1

(−1)n−k

( 1
3−λ )n−k+1D(k)

n−k

...







































(3.3.17)

w.l.o.g suppose n is even then,
D(k)

n−k−2

3( 1
3−λ )n−k−1 −

D(k)
n−k−1

3( 1
3−λ )n−k +

( 1
3−λ)D(k)

n−k

( 1
3−λ )n−k+1 =

(1
3−λ)D(k)

n−k−2−D(k)
n−k−1+3D(k)

n−k

3( 1
3−λ )n−k
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=
(1

3−λ)D(k)
n−k−2−D(k)

n−k−1+3( 1
3D(k)

n−k−1−
1
3(

1
3−λ )D(k)

n−k−2)

3( 1
3−λ )n−k

=
(1

3−λ)D(k)
n−k−2−D(k)

n−k−1+D(k)
n−k−1−( 1

3−λ )D(k)
n−k−2)

3( 1
3−λ )n−k = 0

row n column k, fork= n,

(

0 · · · 0 1
3

1
3

1
3 −λ 0 · · ·

)



































0

0

0
...

0

0
1

1
3−λ

...



































(3.3.18)

= 1
3 (0)+

1
3 (0)+

(1
3 −λ

)

(

1
1
3−λ

)

= 1.

This gives a matrix withank= 0 for all k 6= n andann= 1, which is the identity matrix.

Similar calculations shows thatM (B− Iλ ) = I , henceM = (B− Iλ )−1

Theorem 3.3.6.The spectrumσ(B) of B∈ B(c) is the set{λ ∈C :
∣

∣λ − 1
3

∣

∣≤ 1
3}∪{1}

Proof. We show that(B− Iλ )−1 ∈ B(c) for all λ ∈ C such that
∣

∣λ − 1
3

∣

∣> 1
3

for k= 0, D(0)
1 = 1

2

D(0)
2 = 1

2(1
3)− (1

2 −λ )1
3 = 1

3{
1
2 − (1

2 −λ )}
D(0)

3 = 1
32{

1
2 −

1
2(1−3λ )− (1

2 −λ )}= 1
32{

1
2(1− (1−3λ ))− (1

2−λ )}
D(0)

4 = 1
33{

1
2−

2
2(1−3λ )−(1

2 −λ )−(1
2 −λ )(1−3λ )}= 1

33{
1
2(1−2(1−3λ ))−(1

2 −

λ )(1− (1−3λ ))}
D(0)

5 = 1
34{

1
2 −

3
2(1− 3λ ) + 1

2(1− 3λ )2− (1
2 − λ ) + 2(1

2 − λ )(1− 3λ )} = 1
34{

1
2(1−

3(1−3λ )+(1−3λ )2)− (1
2 −λ )(1+2(1−3λ )}

D(0)
n = 1

3n−1

{

1
2

(

n
2−1

∑
k=0

ak(1−3λ )k

)

− (1
2 −λ )

(

n
2−1

∑
k=0

bk(1−3λ )k

)}

when n is even,

and

D(0)
n = 1

3n−1

{

1
2

(

n−1
2

∑
k=0

ak(1−3λ )k

)

− (1
2 −λ )

(

n−1
2

∑
k=0

bk−1(1−3λ )k−1

)}

when n is odd,

whereak′s andbk′s are integers.

Hence thenth row is given by

mn0 =
(−1)n

(1−λ )( 1
2−λ )( 1

3−λ )n−1 D(0)
n =

(−1)n
{

1
2

( n
2−1

∑
k=0

ak(1−3λ )k
)

−( 1
2−λ )

( n
2−1

∑
k=0

bk(1−3λ )k
)}

3n−1(1−λ )( 1
2−λ )( 1

3−λ )n−1 ,
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mn0=
(−1)n

(1−λ )( 1
2−λ )( 1

3−λ )n−1 D(0)
n =

(−1)n







1
2





n−1
2
∑

k=0
ak(1−3λ )k



−( 1
2−λ )





n−1
2
∑

k=0
bk−1(1−3λ )k−1











3n−1(1−λ )( 1
2−λ )( 1

3−λ )n−1 ,

asn → ∞, the columsmno → 0 only if the denominator tends to infinity, and the de-

nominator tends to infinity provided
∣

∣3(1
3 −λ )

∣

∣> 1 .

Similarly for k = 1, the denominator is given by 3n−1(1
2 −λ )(1

3 −λ )n−1 which tends

to infinity provided
∣

∣3(1
3 −λ )

∣

∣> 1 or
∣

∣

1
3 −λ

∣

∣> 1
3

And for k ≥ 2, the denominator is given by 3n−k(1
3 −λ )n−k+1 which tends to infinity

provided
∣

∣3(1
3 −λ )

∣

∣> 1 or
∣

∣

1
3 −λ

∣

∣> 1
3.

Which proves theorem 1.1.7 (i). Summing the entries of the matrix 2.3.8 along the

nth row
∞
∑

k=0
|mnk|=

∣

∣

∣

∣

(−1)nD(0)
n

(1−λ )( 1
2−λ )( 1

3−λ )n−1

∣

∣

∣

∣

+

∣

∣

∣

∣

(−1)n−1D(1)
n−1

( 1
2−λ )( 1

3−λ )n−1

∣

∣

∣

∣

+
n
∑

k=2

∣

∣

∣

∣

(−1)n−k( 1
3D(k)

n−k−1−
1
3(

1
3−λ )D(k)

n−k−2)

( 1
3−λ )n−k+1

∣

∣

∣

∣

= sn, say

for n ≥ 0 supn{sn} ≤ K < ∞, providedλ ∈ C such that
∣

∣

1
3 −λ

∣

∣ > 1
3 , hence satisfies

part (iii). For part (ii), we haveM = (B− Iλ )−1 and(B− Iλ )(B− Iλ )−1 = I . Now

Mδ =
n
∑

k=0
mnk, whereδ = (1, 1, ,1· · ·)T . Also (B− Iλ )−1(B− Iλ ) = M (B− Iλ ) = I ,

multiplying byδ on both sidesM (B− Iλ )δ = Iδ . SinceBδ = δ , we haveM (δ −λδ )=
δ or M (1−λ )δ = δ . Therefore

Mδ =
1

1−λ
δ (3.3.19)

That is
n

∑
k=0

mnk =
1

1−λ
(3.3.20)

hence lim
n

∞
∑

k=0
mnk = lim

n
1

1−λ = 1
1−λ < ∞ providedλ ∈ C such thatλ 6= 1 .

Therefore(B− Iλ )−1 ∈ B(c) if λ ∈ C such that
∣

∣

1
3 −λ

∣

∣ > 1
3 . Which implies(B−

Iλ )−1 /∈ B(c) if λ ∈C such that
∣

∣

1
3 −λ

∣

∣≤ 1
3. Clearly, whenλ = 1, column 0 is infinite

therefore the inverse does not exist. Henceσ(B) ={λ ∈ C :
∣

∣λ − 1
3

∣

∣≤ 1
3}∪{1}.
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CHAPTER FOUR

THE SPECTRUM OF A N
..
ORLUND OPERATOR B ON bv0

4.1 Introduction

In this chapter, we determine the eigenvalues and the spectrum of the matrixB on the

sequence spacebv0 by using Theorem 1.1.14:

and‖B‖(bv0,bv0)
= supm≥0

∞
∑

n=0

∣

∣

∣

∣

m
∑

k=0

(

bnk−bn−1,k
)

∣

∣

∣

∣

.

4.2 The spectrum ofB∈ B(bv0)

Theorem 4.2.1.B : bv0 → bv0 and B∈ B(bv0) with ‖B‖bv0
= 1.

.

Proof. Using matrixB, let yn =
∞
∑

k=0
bnkxk, wherexk ∈ bv0, we have

y0 = x0

y1 =
1
2 (x0+x1)

y2 =
1
3 (x0+x1+x2)

y3 =
1
3 (x1+x2+x3)

y4 =
1
3 (x2+x3+x4)

...

yn =
1
3 (xn−2+xn−1+xn) , n≥ 2

(4.2.1)

In general,

|yn−yn+1|=
1
3 |(xn−2+xn−1+xn)− (xn−1+xn+xn+1)|

= 1
3 |xn−2−xn+1| , n≥ 2

(4.2.2)

This gives

∞
∑

n=0
|yn−yn+1| ≤

∞
∑

n=2
|yn−yn+1|=

1
3 |(x0+x1+x2)− (x1+x2+x3)|+

1
3 |(x1+x2+x3)− (x2+x3+x4)|+ · · ·+

1
3 |(xn−2+xn−1+xn)− (xn−1+xn+xn+1)|+ · · ·

≤ 1
3 |x0−x1|+

1
3 |x1−x2|+

1
3 |x2−x3|+

1
3 |x1−x2|+

1
3 |x2−x3|+

1
3 |x3−x4|+

1
3 |x2−x3|+

1
3 |x3−x4|+

1
3 |x4−x5|+ · · · 1

3 |xn−xn+1|+ · · ·

≤
∞
∑

n=2
|xn−xn+1|

(4.2.3)
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i.e ∞

∑
n=0

|yn−yn+1| ≤
∞

∑
n=2

|xn−xn+1|< ∞ (4.2.4)

and
∣

∣

∣

yn+1
yn

∣

∣

∣
=

∣

∣

∣

∣

1
3(xn−1+xn+xn+1)
1
3(xn−2+xn−1+xn)

∣

∣

∣

∣

<
∣

∣

∣

3xn
3xn

∣

∣

∣
= 1, hence

∣

∣

∣

∣

yn+1

yn

∣

∣

∣

∣

< 1, n≥ 1 (4.2.5)

This is the case sincexn → 0 asn→ ∞ so thatxn > xn+1 andxn < xn−1. Henceyn → 0

asn→ ∞. Thereforey= Bx∈ bv0. Direct computation shows that

‖B‖(bv0,bv0)
= sup

m

∞
∑

n=0

∣

∣

∣

∣

m
∑

k=0

(

bnk−bn−1,k
)

∣

∣

∣

∣

= sup(1, 1, 1, 1, · · ·) = 1

and lim
n→∞

bnk = 0, ∀k≥ 0, hence all conditions of Theorem 1.1.14 are satisfied. There-

foreB∈ B(bv0,bv0)

Corollary 4.2.2. B∈ B(bv0) has no eigenvalues.

Proof. bv0 ⊂ c0, B∈ B(c0)has no eigenvalues, see theorem 2.3.3

Theorem 4.2.3.Let T : bv0 → bv0 be given by a matrix A= (ank). Then T∗ : bv∗0 →

bv∗0 is also given by a matrix. Moreover T∗is the transpose of the matrix A acting on

bs i.e

T∗ = AT =













a00 a10 a20 · · ·

a01 a11 a21 · · ·

a02 a12 a22 · · ·

· · ·













(4.2.6)

, (Akanga, 2014)

Corollary 4.2.4. Let B : bv0 → bv0, then B∗ : bv∗0 → bv∗0 moreover, B∗ = BT acting on

bs.

Proof. Replace the matrixA by matrixB in theorem 4.2.3

Theorem 4.2.5.The eigenvalues of BT ∈ B(bs) are all λ ∈ C satisfying the inequality
∣

∣λ − 1
3

∣

∣< 1
3

Proof. SupposeBTx= λx, solving forx, we have

f orneven, xn = 3
n
2−1(λ − 1

3)
n
2−1x2−

n
2−2

∑
k=0

3k(λ − 1
3)

kxn−(2k+1)

f ornodd, xn = 3
n−1

2 −1(λ − 1
3)

n−1
2 −1x3−

n−1
2 −2

∑
k=0

3k(λ − 1
3)

kxn−(2k+1), n≥4

(4.2.7)
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which is a geometric series with a common ratior = 3
(

λ − 1
3

)

.
m
∑

n=0
|xn|= |x0|+ |x1|+ |x2|+ |x3|+

m
∑

n= 4

neven

∣

∣

∣

∣

∣

3
n
2−1(λ − 1

3)
n
2−1x2−

n
2−2

∑
k=0

3k(λ − 1
3)

kxn−(2k+1)

∣

∣

∣

∣

∣

+

m
∑

n= 5

nodd

∣

∣

∣

∣

∣

3
n−1

2 −1(λ − 1
3)

n−1
2 −1x3−

n−1
2 −2

∑
k=0

3k(λ − 1
3)

kxn−(2k+1)

∣

∣

∣

∣

∣

≤
3
∑

n=0
|xn|+

m
∑

n= 4

neven

∣

∣3
n
2−1(λ − 1

3)
n
2−1x2

∣

∣+
m
∑

n= 5

nodd

∣

∣

∣
3

n−1
2 −1(λ − 1

3)
n−1

2 −1x3

∣

∣

∣
+

m
∑

n= 4

neven

n
2−2

∑
k=0

∣

∣3k(λ − 1
3)

kxn−(2k+1)

∣

∣+
m
∑

n= 5

nodd

n−1
2 −2

∑
k=0

∣

∣3k(λ − 1
3)

kxn−(2k+1)

∣

∣< ∞,

provided
∣

∣3
(

λ − 1
3

)∣

∣< 1 or
∣

∣λ − 1
3

∣

∣< 1
3, hence the supremum exist.

Alternatively
∞
∑

n=0
|xn|= |x0|+ |x1|+ |x2|+ |x3|+

∞
∑

n= 4

neven

∣

∣

∣

∣

∣

3
n
2−1(λ − 1

3)
n
2−1x2−

n
2−2

∑
k=0

3k(λ − 1
3)

kxn−(2k+1)

∣

∣

∣

∣

∣

+

∞
∑

n= 5

nodd

∣

∣

∣

∣

∣

3
n−1

2 −1(λ − 1
3)

n−1
2 −1x3−

n−1
2 −2

∑
k=0

3k(λ − 1
3)

kxn−(2k+1)

∣

∣

∣

∣

∣

≤
3
∑

n=0
|xn|+

∞
∑

n= 4

neven

∣

∣3
n
2−1(λ − 1

3)
n
2−1x2

∣

∣+
∞
∑

n= 5

nodd

∣

∣

∣
3

n−1
2 −1(λ − 1

3)
n−1

2 −1x3

∣

∣

∣
+

∞
∑

n= 4

neven

n
2−2

∑
k=0

∣

∣3k(λ − 1
3)

kxn−(2k+1)

∣

∣+
∞
∑

n= 5

nodd

n−1
2 −2

∑
k=0

∣

∣3k(λ − 1
3)

kxn−(2k+1)

∣

∣

this is a geometric series with the common ratio,r = 3(λ − 1
3). This series converges

only if |r| < 1, that is
∣

∣3(λ − 1
3)
∣

∣ = 3
∣

∣λ − 1
3

∣

∣ < 1 or
∣

∣λ − 1
3

∣

∣ < 1
3. Hence the partial

sums are bounded whenever
∣

∣λ − 1
3

∣

∣< 1
3 .

Theorem 4.2.6.Let B : bv0 → bv0, the spectrumσ (B) of B∈ B(bv0) is the setλ ∈ C

such that{λ ∈ C :
∣

∣λ − 1
3

∣

∣≤ 1
3}∪{1}.
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Proof. we show that(B−λ I)−1 ∈ B(bv0), for all λ ∈ C satisfying
∣

∣λ − 1
3

∣

∣> 1
3

refer to matrix 2.3.8

The columns ofM are null provided
∣

∣λ − 1
3

∣

∣> 1
3andλ 6= 1, hence satisfying condition

(i) of theorem 1.1.14. Direct computation shows that

∞

∑
n=0

∣

∣

∣

∣

∣

N

∑
k=0

(

mnk−mn−1,k
)

∣

∣

∣

∣

∣

(4.2.8)

We have
∞

∑
n=0

∣

∣

∣

∣

∣

N

∑
k=0

(

mnk−mn−1,k
)

∣

∣

∣

∣

∣

= ∑
1
+∑

2
+∑

3
(4.2.9)

Where

∑
1
=

N

∑
n=0

∣

∣

∣

∣

∣

n

∑
k=0

mnk−
n−1

∑
k=0

mn−1,k

∣

∣

∣

∣

∣

, 0≤ n≤ N (4.2.10)

Recall equation 3.3.13,
n
∑

k=0
mnk =

1
1−λ so that we have,

∑
1
= |m00|+

N

∑
n=1

∣

∣

∣

∣

1
1−λ

−
1

1−λ

∣

∣

∣

∣

= |m00|=

∣

∣

∣

∣

1
1−λ

∣

∣

∣

∣

(4.2.11)

And

∑
2
=

∣

∣

∣

∣

∣

N+1

∑
k=0

mN+1,k−mN+1,N+1−
N

∑
k=0

mN,k

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

1
1−λ

−
1

1
3 −λ

−
1

1−λ

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

1
1
3 −λ

∣

∣

∣

∣

∣

, n=N+1

(4.2.12)

While

∑
3
=

∞

∑
n=N+2

∣

∣

∣

∣

∣

N

∑
k=0

(

mnk−mn−1,k
)

∣

∣

∣

∣

∣

(4.2.13)

=
∞
∑

n=N+2

∣

∣mn0+mn1+mn2−mn−1,0−mn−1,1−mn−1,N
∣

∣

which gives

∞
∑

n=N+2

∣

∣

∣

∣

∣

(−1)n
(

D(0)
n −(1−λ)D(1)

n−1

)

(1−λ)( 1
2−λ)( 1

3−λ)n−1 +
(−1)n−2D(2)

n−2

( 1
3−λ)n−1 −

(−1)n−1D(0)
n−1

(1−λ)( 1
2−λ)( 1

3−λ)n−2 −
(−1)n−2D(1)

n−2

( 1
2−λ)( 1

3−λ)n−2 −
(−1)n−1−ND(N)

n−1−N

( 1
3−λ)n−N

∣

∣

∣

∣

∣

But,
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(−1)n
(

D(0)
n −(1−λ )D(1)

n−1

)

(1−λ )( 1
2−λ )( 1

3−λ )n−1 +
(−1)n−2D(2)

n−2

( 1
3−λ )n−1 −

(−1)n−1D(0)
n−1

(1−λ )( 1
2−λ )( 1

3−λ )n−2 −
(−1)n−2D(1)

n−2

( 1
2−λ )( 1

3−λ )n−2

=(−1)n

[

D(0)
n − (1−λ )D(1)

n−1+(1−λ )(1
2 −λ )D(2)

n−2+
(

1
3 −λ

)

D(0)
n−1− (1−λ )(1

3 −λ )D(1)
n−2

(1−λ )(1
2 −λ )(1

3 −λ )n−1

]

Also

D(0)
n = 1

2D(1)
n−1−

1
3(

1
2 −λ )D(2)

n−2

consequetly

D(0)
n−1 =

1
2D(2)

n−2−
1
3(

1
2 −λ )D(2)

n−3

substituting in?? gives,

(−1)n
[

1
2D(1)

n−1−
1
3(

1
2−λ)D(2)

n−2−(1−λ)D(1)
n−1+(1−λ)( 1

2−λ)D(2)
n−2+(

1
3−λ) 1

2D(2)
n−2−

1
3(

1
2−λ)D(2)

n−3−(1−λ)( 1
3−λ)D(1)

n−2

(1−λ)( 1
2−λ)( 1

3−λ)n−1

]

= (−1)n

[

−(1
2 −λ )D(2)

n−1+
1
3

(

1
2 −λ

)

D(2)
n−2−

1
3(

1
2 −λ )(1

3 −λ )D(2)
n−3

(1−λ )(1
2 −λ )(1

3 −λ )n−1

]

(4.2.14)

Again

D(2)
n−1 =

1
3D(2)

n−2−
1
3(

1
3 −λ )D(2)

n−3,

substituting in 4.2.14, we have

(−1)n





−(1
2 −λ )

(

1
3D(2)

n−2−
1
3(

1
3 −λ )D(2)

n−3

)

+ 1
3

(

1
2 −λ

)

D(2)
n−2−

1
3(

1
2 −λ )(1

3 −λ )D(2)
n−3

(1−λ )(1
2 −λ )(1

3 −λ )n−1



= 0

(4.2.15)

Hence

∑
3
=

∞

∑
n=N+2

∣

∣

∣

∣

∣

−
(−1)n−1−ND(N)

n−1−N

(1
3 −λ )n−N

∣

∣

∣

∣

∣

(4.2.16)

Substituting forn= N+2, N+3, N+4, N+5, · · · , we get

∑
3
=

D(N)
1

(1
3 −λ )2

+
D(N)

2

(1
3 −λ )3

+
D(N)

3

(1
3 −λ )4

+
D(N)

4

(1
3 −λ )5

+ · · · (4.2.17)

which gives
1

3( 1
3−λ )2 +

1
32( 1

3−λ )3 −
1

3( 1
3−λ )2 +

1
33( 1

3−λ )4 −
2

32( 1
3−λ )3 +

1
34( 1

3−λ )5 −
3

33( 1
3−λ )4 +

1
32( 1

3−λ )3 +

· · ·

=
−2

33(1
3 −λ )4

+
1

34(1
3 −λ )5

+ · · · (4.2.18)
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=
∞

∑
m=3

am

3m(1
3 −λ )m+1

(4.2.19)

wherea′ms are constants.

This is a geometric series which converges if
∣

∣3
(

1
3 −λ

)∣

∣ > 1, hence the supremum

exist provided
∣

∣3
(1

3 −λ
)∣

∣> 1 or
∣

∣

1
3 −λ

∣

∣> 1
3. Therefore

sup
N≥0

{

∣

∣

∣

∣

1
1−λ

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

1
1
3 −λ

∣

∣

∣

∣

∣

+
∞

∑
n=N+2

∣

∣

∣

∣

∣

D(N)
n−1−N

(1
3 −λ )n−N

∣

∣

∣

∣

∣

}

(4.2.20)

exists for allλ satisfying
∣

∣

1
3 −λ

∣

∣ > 1
3 andλ 6= 1. ThereforeM = (B− Iλ )−1 ∈ (bv0)

for all λ ∈ C such that
∣

∣λ − 1
3

∣

∣> 1
3 andλ 6= 1. HenceM = (B− Iλ )−1 /∈ (bv0) for all

λ ∈ C such that
{∣

∣λ − 1
3

∣

∣≤ 1
3

}

∪{1}.
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CHAPTER FIVE

CONCLUSION AND RECOMMENDATIONS

5.1 Introduction

Summary of results, areas of applications and suggestions of areas for further research

are given in this chapter

5.2 Summary of results obtained

These are the results obtained chapter by chapter.

In chapter two, we obtained the following results;

i. The eigen value ofI ∈ B(c0) is the singleton set{1}.

ii. The spectrum ofI ∈ B(c0) is the singleton set{1}.

iii. B∈ B(c0) has no eigenvalues.

iv. The eigenvalues ofB∗ ∈ B(ℓ1) is the set{λ ∈ C :
∣

∣λ − 1
3

∣

∣< 1
3}∪{1}.

v. The spectrumσ(B) of B∈ B(c0) is the set{λ ∈ C :
∣

∣λ − 1
3

∣

∣≤ 1
3}∪{1}.

In chapter three, the following results were obtained;

i. The eigen value ofI ∈ B(c) is the singleton set{1}.

ii. The spectrum ofI ∈ B(c) is the singleton set{1}.

iii. The eigenvalue ofB∈ B(c) is the singleton set{1} .

iv. The eigenvalues ofB∗ ∈ B(ℓ1) is the set{λ ∈ C :
∣

∣λ − 1
3

∣

∣< 1
3}.

v. The spectrumσ(B) of B∈ B(c) is the set{λ ∈ C :
∣

∣λ − 1
3

∣

∣≤ 1
3}∪{1}.

In chapter four, the following results were obtained;

i. B∈ B(bv0) has no eigenvalues.

ii. The eigenvalues ofB∗ ∈ B(bs) is the set{λ ∈ C :
∣

∣λ − 1
3

∣

∣< 1
3}.

iii. The spectrumσ(B) of B∈ B(c) is the set{λ ∈ C :
∣

∣λ − 1
3

∣

∣≤ 1
3}∪{1}.

In conclusion, the spectrum is the same in all the cases, however the sets of eigenvalues

differs.

5.3 Recommendations

The following are recommendation for future research:

(a) Investigating the spectrum of the operatorB on the other sequence spaces

(b) Constructing the fine spectrum of the operatorB on sequence spaces
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(c) Investigating the spectrum of a general N0̈rlund operator

5.4 Areas of Application

The eigenvalues and the spectrum of a matrix has numerous applications in various

fields, a few areas are mentioned below.

5.4.1 Modelling population growth

Matrices can be used to form models for population growth. The first step in this

process is to group the population into age classes of equal duration. For instance,

if the lifespan of a member is L years, then the following n intervals represent the

age classes,[0, L
n), [

L
n,

2L
n ) · · · [

(n−1)L
n ,L], the age distributionx =













x1

x2
...

xn













represent the

number of population members in each group, the transition matrix is given by average

number of offspring produced by a member of the ith age in the first row and the

probability that a member of the ith age class will survive tobecome a member of the

i+1 th age class are in the other rows. TheAxi = xi+1 produces the age distribution

vector for the next period. To obtain a stable gowth pattern,thenλxi = Axi = xi+1 i.e

xi+1 = λxi a scalar multiple of the previous distribution.

5.4.2 Solution of system of first order linear differential equations

The system can be written in matrix form asy′ = Ay wherey is a function oft. The

solution is given byy= eλit whereλi are the eigenvalues ofA if it is a diagonal matrix.

If it is not diagonal then it is diagonalized and transformedi.e

y= Pw

y′ = Pw′

w′ = P−1APw

w= eλit

(5.4.1)

whereP is the diagonalization matrix andλi are the eigenvalues of the resulting diag-

onal matrix.
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5.4.3 Principal Axis Theorem

Principal Axis Theorem states that for a conic whose equation is ax2+ bxy+ cy2 +

dx+ey+ f = 0, the rotation given byX = PX′ eliminates thexy−term whenP is an

orthogonal matrix, with|P| = 1, that diagonalizesA i.e PTAP=

(

λ1 0

0 λ2

)

with

A=

(

a b
2

b
2 c

)

.

5.4.4 Application to summability of Sequences and Series

A divergent sequence has no limit in the usual sense, in summability method, one aims

at associating with a divergent sequence a limit or a divergent series a sum for instance

a divergent sequencex= (xn) being given, we may calculate the sequence(yn) of the

arithmetic meansyn = Axn,, if yn converges toy then we say thatxn is summable toy

by A.

5.4.5 Quantum Mechanics

Let the HamiltonianH of some system be given by an infinite matrixH = (hi j ), i, j =

1,2, · · · considered as an operator on some infinite set of numbers . Thepossible energy

values of the system are the eigenvalues ofH (usually relative toℓ2) and the main

problem of pertubation theory is to estimate these eigenvalues.

5.4.6 Solution of Infinite Linear Systems

Infinite dimensional linear systems appear naturally when studying control problems

for systems modelled by linear partial differential equations. Many problems in dy-

namic systems can be written in form of infinite differentialsystems which leads to

infinite differential systems e.g Mathieu equation, Hill’sequation e,t,c
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